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Abstract

West Nile Virus (WNV) is a rapidly spreading and potentially fatal dis-
ease that presents a public health challenge. In this study, we develop a mixed
Susceptible-Infected and Susceptible-Infected-Recovered model for WNV dy-
namics that includes mosquito, bird and human populations. We calculate
the basic reproductive number (Ry) and establish the existence of possible
multiple endemic equilibria. The sensitivity of Ry to parameters is studied.
The possibility of multiple equilibria when Ry < 1 (backward bifurcations)
implies that standard control measures are likely to be inadequate to control
an epidemic.

1 Introduction

West Nile Virus (WNV) is an arbovirus of the flavivirus family that was first isolated
in Uganda in 1937. Before 1999, human infections were found mostly in Africa, West

*Facultad de Ciencias,Universidad de Colima,Col 28045

"Department of Mathematics and Statistics

YUniversity of New Mexico, Albuquerque, NM 87131

$Department of Mathematics, Loyola Marymount University, Los Angeles, CA 90045
YCornell University, Ithaca, New York

I Arizona State University

225



Asia, and the Middle East [2]. It has spread to four continents [1]. Most human
infections are asymptomatic; however, for those that are not, possible symptoms
include headaches and neck aches to potentially lethal meningitis®. and encephalitis?
[4]. In 1999, the first case of WNV in North America was identified in New York
City. It has since spread to 46 states and infected over 9,800 people in 2003 alone
[4]. Several deaths were reported in Southern California in 2004[15]. WNYV is linked
to high bird mortality [3]. In 2000, there were 71,332 birds infected in the state
of New York, including 17,571 (24.6 %) American crows. Of the 3,976 dead birds
tested, 1,263 (31.8 %) were positive for WNV [5].

Studies have shown that mosquitoes acquire the WNV in their salivary glands
when they feed on infected birds with the virus [9]. The virus is transmitted when
infected female mosquitos feed on birds and humans [9]. It is believed that handling
infected bird carcasses that have died from WNYV infections are also a source of
human infections, although it has not been clinically proven [4]. Data exhibit a
strong direct correlation between density of dead crows and human West Nile Virus
cases [13].

Humans are secondary hosts [11]. However, recent growth in human infections
naturally suggests a potential relevant role in transmission. Furthermore, since
reducing human incidence is of great importance, the primary goal of our research
is to create a model that incorporates humans, birds, and mosquitos as sources of
WNV infections.

Our paper is organized as follows: Section 2 briefly reviews the ecology of the
Corvus Brachyrhynchos (American crow) and the Culex Pipiens (mosquito), the
primary reservoir and vector for WNV in the United States; Section 3 introduces a
simplified model; Section 4 includes some partial analysis of the model of Section 3;
Section 5 explains the sensitivity of Ry (the basic reproductive number) to param-
eters; Section 6 illustrates some of our results to via numerical simulations; Section
7 reviews model results and outlines future work.

' Meningitis - Inflammation of one of the membranes covering the brain and spinal cord
2Encephalitis - Inflammation of the brain
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2 Ecology of Culex Pipiens and Corvus Brachyrhyn-
chos

2.1 Culex Pipiens

The primary vectors in WNV infection are mosquitos of the Culex family. Culex
Pipiens is the only species that spreads WNV in urban and sylvan areas [5]. Each
female (Culex Pipiens) lays 100-200 eggs every 2-3 days on the surface of stagnant
water. Eggs generally hatch within two days in favorable temperature and humidity
conditions. Eggs may be viable for up to five years [7]. Hatched eggs enter the larva
stage (7-14 days) and then the pupa stage (2 days). Adult mosquitos have a maximal
life-span of 20 days [7]. Female adults feed four times over their life-time [8]. Males
feed primarily on plant nectar while females feed on birds and mammals. Birds
provide the primary blood meals for female Culex Pipiens [7]. Once an uninfected
mosquito bites an infected host, they will carry the disease for the rest of their
lives, but will not die from the infection. When the mosquito infects a host, the
virus replicates within the host’s blood and during this process it may affect the
central nervous system [9]. Disease symptoms typically last a few days, but there
are exceptions [6]. Severe cases of encephalitis and meningitis may develop from 3
and 14 days after an infection [9]. Various studies support vertical transmission in
vectors. However, since filial infection rates® were low (about 1 per 1,000 progeny
tested [16]). Their impact is ignored on this preliminary study.

2.2 Corvus Brachyrhynchos

The maximal life-span of the American crow is 5 years [20]. A female can lay between
4-6 greenish eggs in the middle of April. Male and female take turns incubating them
[20]. Eggs hatch around day 18", and fledglings are able to fly 35 days later [20].
Crows feed on insects, small vertebrates, bird eggs, nestlings, seeds, fruit and plant
material [20].

Crow migration occurs in late summer or early fall in the Southeastern U.S.
Route [20]. Evidence shows WNV spreading along this route. It is through this
migration highway that American crows have had their biggest impact [21]. Dead
bird surveillance has shown that the seasonal spread of the virus in the United States

3Filial infection rates - Percentage of offsprings of an infected female mosquito that are infected
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is consistent with bird migration patterns [10]. WNV disease induced death on crows
is 90% [18]. Hence, high levels of dead crow carcasses are detected wherever high
increases in WNV incidence are reported [3]. Thus, the number of dead carcasses
can be used to monitor, track, and possibly predict an outbreak of WNV in humans
[3]. There is no evidence of vertical transmission among birds.

3 Model Description

We use an S-1 (Susceptible-Infected) model for the mosquito population, and since
its members do not die from the disease, it is assumed that the mosquito population
(Nas) is roughly constant. Specifically, Ny = Sy + Iy, where Sy and I, denote
the susceptible and infected female mosquito populations.

We model the impact of WNV on humans via a S-I-R (Susceptible-Infected-
Recovered) model where the human population (Ng) is assumed constant. Specifi-
cally, Ny = Sy + Iy + Ry, where Sy, Iy, and Ry denote the susceptible, infected,
and recovered human populations.

WNYV dynamics on birds is modeled via a S-I (Susceptible-Infected) model. The
total crow population (Np) cannot be assumed to be constant since disease-induced
deaths are high. If Sg, Iz denote the susceptible and infected crow populations then
Np is modeled by the following differential equation

N,B:A—/LBNB—’}/[B (1)

where A represents an assumed constant recruitment rate, up the natural per capita
mortality rate and v the per-capita disease induced rate for crows. A more realistic
model may assume that A = A(N), a situation that may be explored in the future.
For simplicity we first consider the case when v = 0,

N/B:A—,U,BNB

in this case, N(t) approaches MAB as t — oo. For the rest of this manuscript, we set
N(©O) =

T
Py and Pg denote the mosquito preference probability to biting humans or birds,
respectively, with 0 < Py < Pg < 1 note that these preferences only appear in the
equation for the mosquito population, because when a mosquito infects a human or

a bird, it already exercised its choice to bite this host.
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Transfer from the susceptible to infected class depends on various factors includ-
ing the biting rate of the mosquitos, the probability of transmission per bite, host
preference, disease prevalence and other factors [14]. Byb ]]\\,]Z ]55 f]{]”B ]{,H Sy denotes
the incidence rate (new cases of infection per unit of time or force of infection) gener-

ated by the interactions between mosquitos and infected humans; where bS5 M denotes
N
NH-&%VB
denotes the likelihood that the mosquito will contact a human; % e is the 'probabil-
ity” that the bitten host is infected and By is the probability that this intersection
leads to a new infection. By similar argument, Bgb2 %z 1555]1\‘,43 N £S5y, denotes the
incidence rate generated by the interaction between mosquitos and infected birds.

the average number of bites of uninfected mosquitos per unit time; Pp 2L N

ﬁMb]X,Ig NHNENB ]{[M denotes the incidence rate generated by the interaction between
Nv _ Nuo  Ium

birds and infected mosquitos. Similarly, Gy N NN Vs
rate generated by the interaction between humans and infected mosquitos.

denotes the incidence

Figure 1 highlights via a box-diagram the interaction between vector, birds and
humans.
The following is the system of non-linear differential equations:

_ o Ny PgNy Ig PNy Ip _
= pina Nag — Bt S Sy — Bpbyy 3B S Sy — iy S,

—A— ﬁMbMLIiSB — 1155z,

Np Ngy+Np Ny
r . Ny giva _
n = e Ng — BubRit NH+NB N=SH = HESH,

NH PHNH IH PBNB IB
]M - 6H Ny Ng+Ng Ny SM +/6BbN Ng+Ng Ng SM MMIM7

! Ny Np  Iv _
I = ﬁMb B Nu+Np Ny Sp — ks,

Iy = Bub M 532 Su — (o + 0) L,
}I = QIH — [LHRH,

where NM:[M+SM7 NB:[B+SB, and Ng = Sy + 1Ig + Ry
and Ny, =0, N = A — ugpNp — vIp, and Ny = 0.
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Figure 1: Model for WNV vector-host cross-infection among mosquitos, birds and hu-

mans.
Parameter | Description Value
Py Mosquito preference probability to biting humans 0.3
Pg Mosquito preference probability to biting birds 0.6
O Transmission probability from mosquitos to hosts per bite 0.88
Or Transmission probability from birds to mosquitos per mosquito bite 0.16
O Transmission probability from humans to mosquitos per mosquito bite 0.2
s Natural mortality rate for mosquitos 0.055
B Natural mortality rate for birds 0.00055
15 Natural mortality rate for humans 0.000037
b Number of bites per mosquito per unit time 0.2
0 Recovery rate of humans 0.91

Table 1: Parameters definitions. parameters.
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The value of g was taken from [11]; b from [8]; 6 from [12]. ups was taken as the inverse
of the average maximal lifespan of a vector (18 days). (similarly for up and pp) were
obtained from the inverse of the average lifespan of birds and humans, respectively, in
days. By assumption, we choose Py = 0.3 < Pg = 0.6. Numerical simulations used the

values in Table 1.

4 Model Analysis

4.1 The Basic Reproductive Number (R))

The basic reproductive number (Ry) for vector transmitted diseases was introduced
by Ross (1911) and it was heavily used and expanded by MacDonald (1952) in the
context of malaria [29]. Ry represents the average number of secondary infections
generated by a typical infectious individual in a population of susceptible at de-
mographic equilibria. It is computed by introducing an infected vector (host) and
determining the average number of susceptible vectors (hosts)that would be infected
over its infectious lifespan. The basic reproductive number (Rp) is computed® (see
below)using the method found in Diekmann et al. [22].

In order to interpret it, we introduce the following quantities:

* — A
NB L]
RMH — bNy  Bm
0 — Nz+Nmpum
RHM — bPy Ny _ Bu
0 Ng+Ny pu+0
RMB = _"Np_ Bu
0 = Ni+Nypm
RBM — bPeNy BB
0 = Nj+Ngum’

VR = /RYMH . RIIM represents secondary infections generated by humans
(vectors) in humans (vectors) in a disease-free system and /RF = /R}MB - RFPM

represents the secondary infections generated by birds (vectors) in birds (vectors)
in a disease-free system.

4See Appendix, subsection 8.1.
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The basic reproductive number (Ry) is given by:

Ry = /R + RF

We observe that in Ry,

11
O+up’ pp’
bPulNp 1 represents the average number of mosquitos that a person will get bit-
NE+Nyg pu+0

. HM _ bPyNy  BH : :
ten by; Ry"= N3 +Not it 0 represents the secondary infections generated by an
bPpNy 1

infected human in vectors in a disease-free system; represents the aver-

’ Ng+Nu pB
age number of mosquitos that a bird will get bitten by. Hence, RFYM = %ﬁ—g,
B

gives the secondary infections generated by an infected bird in a disease-free sys-

tem; oL represents the average number of mosquito bites to humans. Hence
» Ng+Ng pym !

R = #’va}]% gives the secondary infections generated by an infected vec-
B

and ﬁ are the infectious periods for humans, birds, and mosquitos;

. bN . . : .
tor in humans; ~—2——— gives the number of mosquito bites to birds and thus,
Ng+Npg py
MB — _bNg Bu . . .
Ry'” = N%+ N7 fias represents the secondary infections generated by an infected

mosquito in birds in a disease-free system;

Therefore, the product of v/ REM . RMH represents the contribution to new in-
fections between mosquitos and humans. Likewise, /RFM - RMP represents the
contributions to new infections between mosquitos and birds. Ry is the number of
secondary infections generated by an infectious individuals over his infection period
in a disease-free system.

4.2 Equilibria

As an initial step, we analyze the model when v = 0 and then proceed to study its
dynamics numerically when v > 0. We define x,;; = I gy = A and 25 = 12

N Ny Np

to be the proportions of the infected mosquitos, humans, and birds classes, respec-
. . . . o NJM _ NH — NB

tively. For simplicity, we define K,; = No N Ky = Nt Ng and K = No g

Then, we have

vhyy = PuBubKyxp[l — xy] + PpBpbKprpll — va] — para,
r'y = PubK [l — xp] — NABxB,

2y = BubKyam[l — 2w — yu] — (uw + 0)xp,

Yy =0y — ppym.
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The equilibria satisfy:
2y = o (PuBubKuay [l — a3] + PpApbKpap[l — x3]),

pEBMOK Ty,
BrbK st (ng+0)+pm (pe+0)’

Ty =

Tt = NpBmbKny, .
B NB[ﬁjwaM.T}kw]‘i‘A

Some algebra shows that 23, are the roots of:
P(z3,) = Ax3 + Bxy? + Oy, that is,

P(xz3%,) = o, [Az33 + Bahy, + C]. Consequently we have three roots zy; = 0 or
xy = —BEYB 440 V23A274AC, where:
A= —[NM5%452K12\4%B(MH +0) + bgﬁﬁKﬂﬁ[PHﬂHﬂHKH + PpBpKp(pn +0)]]

B = 203 K3 [PuBub’ Kupn + PpBeb® Kp(uw + 0)] — 2 papen (s + 0) pp R

C = punpgAN(py +0)(RE — 1)

If 3, = 0 then z}; = 0 and 273 = 0. This is the disease free equilibrium.

Note: A <0 V3, >0, then
If Ry > 1 then C' > 0. In this case, there is only one endemic equilibrium, namely

x+ _ —B—vBZ_4AC
Ty = 2A )
- pHBMOK v (B+VB2—4AC)
H ﬂ]waMB;LH-i-ﬁ]\/[bKMB@—‘rﬂMbK]V[\/32—4AC#H+BA4bKM\/BQ—41400—2#%1A—2;LHA9 )

NpBubKym (B+VB2—4AC)
NpBubKp (B+VB2—4AC)—2AA"

*
Tp =

If Ry <1 then, C' < 0. In this case we can have multiple endemic equilibria. In
fact, if B2 — 4AC > 0 and B > 0 then there are two endemic equilibria. They are

given by
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_ —B+VB®*—4AC
TM = 24

Y

T = wi BrbK v (B+vB2—4AC)
H ﬂ]\/]bKMB,LLH+ﬁ]ubKMBG+ﬂA/1bKM\/3274AC;LH+BAijM\/B274140972#%11472}”{1497

NgBabKy (BEVB2—4AC)
NpBpbK p (B+VB2—4AC)+A) "

rp =

We observe that if B2 — 4AC < 0 or B < 0 then there is no endemic equilibrium
with0 <z, <1,0<zrzyg<land0<zp<l1.

5 Simulations When v > 0 and ¢ > 0

The introduction of a secondary host (humans) appears to be capable of generating
outbreaks when Ry < 1 (not the case in models without humans [11]). We ran
simulations of our model and varied §p while choosing different initial conditions.
Figures 2, 3, and 4 show that reducing Ry < 1 is not enough to guarantee that
the disease will die out in any of the three populations. The levels of infection in
mosquitos can vary anywhere from 0 to 60% when 0.18 < Ry < .35.

Backward Bifurcation Graph of Infected Mosquito Population

Proportion of Infected Mosquitos

Figure 2: Backward Bifurcation for Infected Mosquitos, varying g and with the following
parameter values: ups = 0.055; up = 0.00055, uz = 0.000037,b = 0.2,y = 0.443,60 =
0.91,¢ = 0.09, Py = 0.4; Pg = 0.6, Ng = 30000, A = N * ug, Ng = 20000, N; = 5000,
B = 0.8, By = 0.9andBpvaries from0.1t020with1000points.
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Figure 3 shows that the level of endemicity for bird populations also range from
0 to 3.5% when 0.18 < Ry < .35.

Proportion of Infected Birds

ssssss

Ro

Figure 3: Backward Bifurcation for Infected Birds, varying Sp and with the following
parameter values: ppr = 0.055; up = 0.00055, p = 0.000037, b = 0.2,y = 0.443,0 =
0.91,¢ = 0.09,Pg = 0.4; Pg = 0.6, Ng = 30000, A = Np * ug, Ng = 20000, Nj; = 5000,
B = 0.8, Byr = 0.9, and (p varies from 0.1 to 20 with 1000 points.

Figure 4 shows that the disease levels in humans are very small. In other words,
very few cases will be found in humans. The results of these three bifurcation
diagrams highlight the importance of initial conditions. In particular it is worth
noticing the potential role of infected flocks of birds (dynamic changes) in the gen-
eration of WNV outbreaks in regions where effective vector control measures may
be in place (Ry < 1).

6 Sensitivity Analysis

Although reducing Ry may not be the key to controlling WNV | it is still of interest
to look at the sensitivity of Ry to variations in parameters. The sensitivity indexes
of Ry with respect to each of its parameters is calculated. Most of these indexes are

non-constant as they depend on other parameters. Table 2 collects the sensitivity
indexes.
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x10™°  Backward Bifurcation Graph of Infected Human Population
T T T T

T 1) L

Proportion of Infected Humans

Figure 4: Backward Bifurcation for Infected Humans, varying Sp and with the following
parameter values: pps = 0.055; pp = 0.00055, g = 0.000037, b = 0.2,y = 0.443, 0 = 0.91,
¢ = 0.09, Pg = 0.4; Pg = 0.6, Ng = 30000, A = Np x up, Ng = 20000, Np; = 5000,
B = 0.8, Bypr = 0.9, and [ varies from 0.1 to 20 with 1000 points.

Parameter Sensitivity Index
b 1
1 A
Pp 2 A+B
1 B
Py 2 A+B
1
Bu 3
B 1_A
B 2 A+B
3 1_B
H 2 A+B
1
1237 -3
1 1 2ABup+AA—pupAl2upNu+Ny|
HB 2 up A+B
_1 uu B
HH 2 +0 A+B
Ny :
1 Nuup ~B-24
NH 2 Ngup+A+mup A+B
2 A1B
0 Z1_eB
2 ug+0A+B

Table 2: Parameter sensitivity indexes with A = PgABp(uy + 0) and
B = PyuNufBu(us)

The sensitivity indexes for the parameters b, 157, Nas, and 3y, are independent of
any changes in all other parameters. They hold the greatest value in understanding
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how to reduce the value of Rj.

The greatest (constant) sensitivity index belongs to the biting rate b. If the biting
rate were to decrease by 1% then the value of Ry would also decrease by 1%. Hu-
mans can reduce this biting rate by wearing appropriate clothing or using mosquito
repellent. However, a bird’s only protection from being bitten is the thickness of its
feathers. There is no good method for decreasing the number of mosquito bites in
birds.

The sensitivity index for the natural mortality rate of mosquitos uy; equals —%.
This implies that a 1% decrease in ) gives a %% increase in Ry. In short, if the
average lifespan of a mosquito were to increase then the chances of an epidemic
occurring increase. It is well documented that WNV cases are highest during the
summer months. It is also known that for some WNV-carrying Culex mosquitos,
lifespan tends to decrease as temperature increases [24]. This result cannot be
addressed well with this model as the role of temperature is not included. Our
model result cannot explain known patterns of WNV occurrence during summer
months[24].

The total number of mosquitos Njy; has a sensitivity index of 0.5, which sug-
gests that a 1% decrease in Ny; would cause a %% decrease in Ry. This suggests
that mosquito control may have a significant impact in reducing the chances of an
outbreak.

The probability of transmission per contact (3, has a sensitivity index of .5.
This result adds to the previous one as b and [, appear together (multiplicative).
This further suggests that mosquito control may have an impact in reducing the
chances of an outbreak. Because the sensitivity indexes for all other parameters are
nonconstant and because we do not have exact values for most of them, we pursue a
sensitivity analysis of them via simulations. We focus on the study of the sensitivity
of two parameters Py and Pg via simulations. For our purposes, we assume Py = 0.3
and Pp = 0.7. According to statistical data on birds [25] and census data on humans
[26], it is estimated that there are 3 billion crows in North America and 294 million
humans in the United States. If we assume a uniform distribution of humans and
crows across North America and that the US occupies 1/3 of the total land area,
then the number of crows in the USA may be approximately 1 billion crows. Thus
we can assume for our sensitivity analysis that there is a 3:1 ratio of crows to humans
in the United States. After some simulations under these conditions, we arrive at
the results in table 3.
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Parameter

Sensitivity Index

b
Pp
Py
Bu
Be
Br
122}
UB

1
0.5
0.00005
0.5
0.5
0.000054
-0.5
—0.298
—2.19107°
0.5
—0.2499
—0.25
—0.000054

Table 3: Sensitivity index values under a bird-biased system.

B, Py, g and 8 have negligible sensitivity indexes to Ry. In general, these
parameters make less than < 0.05% change in Ry. In Figure 2, we can see that
adding 0.4 to Oy, the infected human population raise by 12 infected individuals.

Figure 5: Time series for infected humans, varying Gy

Apart from the parameters mentioned previously, the next greatest positive sen-
sitivity indexes are each approximately equal to % and belong to the parameters Pg
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and (Bp. This result is verified numerically in Figure 3.Similarly, the next greatest
negative sensitivity indexes are approximately equal to —%

Ny.

and belong to pup and

300+

i ”4— Bete_B=0.3
|
| / \ \F Beta_B=0.5
P
| A

0 100 200 3o 400 500 800 700 a0 a0
TIME

Ih1[05) ‘
Th 2108 | o

Figure 6: Time series for infected humans, varying (Gp.

Biologically speaking, Gp is a natural constant and, in general, cannot be ma-
nipulated. Thus, knowledge of their high sensitivity indexes may not imply any
suggestions in preventing the outbreak of the virus in any populations. The current
assumption about WNV is that high mortality in birds is a significant indicator of
an outbreak. However, under the assumptions above, as the natural mortality rate
(up) increases, Ry decreases by a factor of 0.298%. This would imply that high lev-
els of bird deaths would imply less chance of an outbreak. This result is consistent
with the current assumptions about the dynamic of bird deaths as a forewarning of
outbreaks in human populations. However, as the recruitment rate A increases by
1%, the value of Ry decreases by .25%. Theoretically, this would mean that the pos-
sibility of an outbreak decreases when there are more birds entering a population.
This result contradicts the hypothesis that an influx of infected birds into an area
can produce an outbreak.

The preference parameter Pg has a smaller, positive sensitivity indexes (in com-
parison to those that have 0.5 sensitivity indexes). This implies that if mosquitos
tend to prefer to bite birds more than humans, then as our estimated value of their
preference to birds increases, the possibility of an outbreak increases as well. This
result is consistent with the assumption that mosquitos tend to prefer to bite birds

Finally, the parameter Ny gives us a more clearer picture of the dynamic of

the disease within different sizes of human populations. Though the value of the
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sensitivity index of Ny is not as large as the value of other parameters, the fact that
it is positive implies that there is less of a chance of an outbreak in a large cities
and more of a chance of outbreak in smaller communities.

Due to time constraints, further sensitivity analysis was not computed for other
situations such as varying bird to human ratios and mosquito preferences. Future
research will include these situations included in the sensitivity analysis.

7 Conclusions and Future Work

We derived a model which not only includes the interaction of WNV among mosquitos,
birds and humans, but also accounts for natural preference in which mosquitos
choose hosts. As a result of assuming preferences in our model, we derived a basic
reproductive number. We found from numerical simulations, varying v > 0 and
¢ > 0, that if the conditions B > 0, v/B2 —4AC > 0 and Ry < 1 are satisfied for
the P(xy/) polynomial, we have enough conditions for backward bifurcations in all
three populations. This result contradicts the popular trend in WNV that human
populations have no importance in WNV. The implications of this result are that
if the disease were to become endemic, it would be much more difficult to eradicate
the disease.

Though sensitivity analysis may suggest that the most plausible method of erad-
ication of WNV in a closed population would be to reduce the mosquito population
or reduce the biting rate, it is unclear whether either of these two methods will
result in permanent eradication of the disease. However, sensitivity of this model
hints that epidemics may occur during the winter, when various Culex mosquitos
have lower mortality rates. However, because of the backward bifurcation, initial
conditions become extremely important to the system, meaning that even if con-
trol measures are in place, a sudden migration of infected birds could produce an
outbreak.

In future studies, we we hope to add a latent class to birds, humans, and
mosquitos. We will also explore the possibility of adding additional hosts into the
model and view their impact upon the system’s dynamics. We would also like to
explore more of the possibilities when v > 0.

240



8

Acknowledgements

First of all, we want to thank professor Carlos Castillo-Chévez for giving us the

opportunity to do research and believing in us. We are also very grateful to Arizona

State University and the Center of Nonlinear Studies at Los Alamos for collaborating
in this MTBI summer program. We would like to thank Dr. Jia Li, Dr. Christopher
Kribs-Zaleta, Dr. Leon Arriola and all the other professors for their support, time,

dedication and patience and sharing her/his expertise.

References

1]

Curtis G Hayes. West Nile Virus: Uganda, 1937 to New York City, 1999. West
Nile Virus Detection, Surveillance, and Control. The New York Academy of
Sciences 951, 25-37, New York 2001.

Michael Giladi Einat Metzkor-Cotter, Denise A. Martin, Yardena Siegman-Igra,
Amos D. Korczyn, Raffaele Rosso, Stephen A. Berger, Grant L. Campbell, and
Robert S. Lanciotti. West Nile Encephalitis in Israel, 1999: The New York
Connection. Emerging Infectious Diseases 7(4), 659-661, JulAug 2001.

Millicent Eidson, Nicholas Komar, Faye Sorhage, Randall Nelson, Tom Talbot,
Farzad Mostashari, Robert McLean, and the West Nile Virus Avian Mortality
Surveillance Group. Crow Deaths as a Sentinel Surveillance System for West
Nile Virus in the Northeastern United States, 1999. Emerging Infectious Dis-
eases 7(4), 615-620, Jul-Aug 2001.

USGS (U.S. Geological Survey). West Nile Virus Maps 2004.
http://westnilemaps.usgs.gov/background.html, accessed on July 28, 2004.

Eidson M, Kramer L, Stone W, Hagiwara Y, Schmit K; New York State West
Nile Virus Avian Surveillance Team. Dead bird surveillance as an early warning
system for West Nile virus. Emerging Infectious Diseases 7(4), 631-635, Jul-Aug
2001.

Centers for Disease Control and Prevention (CDC). Symptoms of West
Nile Virus. http://www.cdc.gov/ncidod/dvbid/westnile/qa/symptoms.htm,
accessed on July 28 2004.

241



[7]

[10]

[11]

[16]

Montgomery County Department of Health and
Human Services. West Nile Virus Information.
http://www.montgomerycountymd.gov/mc/services/dep/Mosquito/facts.htm,
accessed on July 28, 2004.

Andrew Ford. The Yellow Fever Model. Washington State University.
http://www.wsu.edu/ forda/yellowl.html, accessed on July 28, 2004.

2004 Cable News Network (CNN) West Nile Virus Special report.
http://www.cnn.com/SPECIALS /2004 /west.nile/, accessed on July 28, 2004.

Lyle R. Petersen, John T. Roehrig. West Nile Virus: A Reemerging Global
Pathogen. Emerging Infectious Diseases 7(4), 611-614, Jul-Aug 2001.

Marjorie J Wonham, Tomas de-Camino-Beck, Mark A. Lewis An pidemiological
model for West Nile Virus: invasion analysis and control applications. The
Royal Society London 271, 501-507, 2004.

Centers for Disease Control and Prevention (CDC). Cases of West Nile Human
Disease. http://www.cdc.gov/ncidod/dvbid /westnile/qa/cases.htm, accessed
on July 28 2004.

Millient Eidson, Jim Miller, Laura Kramer, Bryan Cherry, Yoichiro Hagiwara,
and the West Nile Virus Bird Mortality Analysis Group. Dead Crow Densi-
ties and Human Cases of West Nile Virus, New York State, 2000. Emerging
Infectious Diseases 7(4), 662-669, Jul-Aug 2001.

Lourdes Esteva, Cristobal Vargas. Analysis of a dengue disease transmission
model. Elsevier Sciences, Mathematical Biosciences 150, 131-151, June 1998.

Associated Press, Los Angeles Times. West Nile Claims Second
California  Fatality.  http ; / Jwww.latimes.com/news/local [la —

080104westnile,,r, 1,5877617.story?coll=la-home-
headlines, accessedon August02, 2004.

M.J. Turrell, M.R. Sardelis, M.L.. O’Guinn, and D.J. Dohm. Potential Vectors
of West Nile Virus in North America. Japanese Encephalitis and West Nile
Viruses. Springer, 241-252. 2002.

242



[17] Parker I1I. Corvus brachyrhynchos. University of Michi-
gan Museum of Zoology. Animal Diversity Web.
http://animaldiversity.ummz.umich.edu/site/accounts/information/
Corvus_brachyrhynchos.html, accessed on August 03, 2004.

[18] Nicholas Komar, Sc.D. Use of sentinel animals for West Nile Virus
surveillance.  Centers for Disease Control and Prevention (CDC).
http://www.cde.gov /ncidod /dvbid /westnile /conf/pdf/la-komar.pdf, accessed
on August 03 2004.

[19] Zhilan Feng, Jorge X. Velasco-Hernandez. Competitive exclusion in a vector-
host model for the dengue fever. Journal of Mathematical Biology 35, 523-544,
1997.

[20] Northwest Trek Wildlife Park. American Crow.
http://www.nwtrek.org/page.asp?view=120, accessed on August 04 2004.

[21] Jonathan Noguchi. North American Vectors of the West Nile Virus.
http://www.usc.edu/CSSF /History /2003 /Projects/J1322.pdf, accessed on Au-
gust 04 2004.

[22] Ohio  Division if ~ Wildlife.  Life  History = Notes.  American
Crow, “Corvus Brachyrhynchos”. Publication 219 (1099).
http://www.ohiodnr.com/wildlife/Resources/wbirds/birdid /american_crow.htm,
accessed on August 05.

[23] Diekmann O, Heesterbeek JA, Metz JA. On the definition and the computation
of the basic reproduction ratio R0 in models for infectious diseases in heteroge-
neous populations. Journal Mathematical Biology 28, 365-382, 1990.

[24] Samuel R. Ashmore, Jessica E. Behles, Adrienne K. Cox, Geraldine K. Prashun,
Kenny E. Sutherland. Modeling the Spread of the West Nile Virus. April 3,
2002. http://www.challenge.nm.org/Archive/01-02/FinalReports/019.pdf, ac-
cessed August 06 2004.

[25] Chuck Fergus. Crows and Ravens. Pensylvania Game Commission.
http://sites.state.pa.us/PA_Exec/PGC/pgc/contact.htm, accessed on Au-
gust 06 2004.

243



[26] Laura K.  Yax. Population Division. U.S.  Census  Bureau.
http://www.census.gov/main/www/popclock.html,  accessed on August
06 2004.

[27] Fred Brauer, Carlos Castillo-Chédvez. Mathematical Models in Population Bi-
ology and Epidemiology. Springer, New York 2000.

[28] Carlos Castillo-Chavez and H. R. Thieme, Asymptotically autonomus epidemic
models, Mathematical Population Dynamics: Analysis of Heterogeneity Vol.
One: Theory of Epidemics (O. Arino, D. Axelrod, M. Kimmel, M. Langlais;
eds.), Wuerz, 33-50, 1995.

[29] Wikipedia The Free Encyclopedia. The Basic Reproductive Number.
http://www.fact-index.com /b /ba/basic_reproductie_rate.html, accessed on Au-
gust 09 2004.

9 Appendix

9.1 Finding Ry in the Disease Free Equilibria (DFE)

To obtain Ry we use the method by Diekmann et al. [22].

We find the Jacobian in DFE (N s 55 N1r,0,0,0,0,0 ,0) of the differential equa-

tions of infectious classes (I}, I, I} )

i bR Db
J(DFE)=| Pubyf&y —(uwn+0) 0
6]\/[ NB]\;BNH 0 _(/J“B + ’7)

e According to the method defined by Diekmann et al. [22], we now take the
dot product between M and D!

b Py Ny b PNy
g N B Np+Ng(pm+0) O Np+Nu(pp+7)
—-1_ HIVH
MD™ = 6M2 (PBNB+Py N +Pmm) 0 0
PgNp 0 0

ﬁMlb (PBNB+Pr Ng+Pmm)
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where

_ Py Ny
A= ﬁHbPBNB-i-PHNH-‘erm(uH—f—H)
_ Pp Ny
b= ﬁBbPBNB+PHNH+Pmm(NB+’Y)
Py N
C = ﬁMgb( HH

PgNp+PygNg+Pmm)us

_ PgNp
D= BMlb(PBNB+PHNH+Pmm)#M

0 A B
MD'=| C 0 0
D 0 0
now, we get
R[):\/ CA + DB

hence,

Ro=

Ro— bNg  Bum . bPuNy  Bu 4 bNE  Bm . bPeNMm Bs
0 Ng+Nyg pnvi Np+Nyg pu+0 " Ny+Nug pv Ng+Ny pp
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