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Abstract

The malarial parasite Plasmodium vivax has infected humans for millennia. As such,
alleles like the FY*O allele in the Duffy Antigen Receptor for Chemokines (DARC) and
the sickle cell allele (HbS) have been naturally selected for in malaria-endemic regions
because they confer resistance to malaria, thereby increasing the survival and repro-
ductive success of individuals carrying these protective alleles. As resistance becomes
more common in a population, malaria incidence is expected to decline, reducing the
evolutionary pressure for additional resistance. In this work, we explore the interac-
tion between these processes. We construct a model with seasonality that tracks the
frequency of Duffy genotypes and leverages fast/slow dynamics to analyze the coupled
dynamics of malaria transmission and changes in the gene frequency of the DARC geno-
type. Specifically, we investigate how the burden of malaria changes with the fractions
of people with the various DARC genotypes. Additionally, we calibrate our model using
data from the Amazonas region in Brazil, which has a polymorphic population with
respect to DARC, and still reports a substantial number of P. vivar cases. Analysis
of our model determines the proportion of the population that must be Duffy-negative
in order for the entire population to be protected against P. vivar without any fur-
ther interventions. Furthermore, we assess how different proportions of Duffy-negative
individuals influence the monthly incidence of P. vivax cases.
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1 Introduction

1.1 Influence of Genetics on the Epidemiology of Malaria

Malaria is an infectious disease spread by mosquitoes that are infected with Plasmodium
parasites. Whereas P. falciparum is the most dangerous strain and the most prevalent in
Africa, P. vivax is the most geographically widespread strain of malaria and the most common
in the rest of the world [13]. Malaria is a perennial affliction to many tropical countries: in
2022, it caused an estimated 249 million cases globally, resulting in more than six hundred
thousand deaths and billions of dollars in global costs [23].

The selective pressure induced by malaria has demonstrably influenced the genetic com-
position of tropical populations. Examples include hemoglobinopathies like the sickle cell
trait in Sub-Saharan Africa and (-thalassemia in the Eastern Mediterranean. The sickle
cell trait is caused by a missense mutation of the 5-globin gene, resulting in the abnormal
synthesis of the [-globin protein. The vast majority of people with sickle cell trait and
sickle cell disease live in Sub-Saharan Africa. Similarly, S-thalassemia is characterized by
the obstructed synthesis of the S-globin chain, which causes numerous phenotypes that may
be asymptomatic or debilitating. People with sickle cell trait and some phenotypes of (-
thalassemia have significant protection against P. falciparum malaria compared to people
without either condition [6, 8, 11].

Another example of an adaptation against malaria is the absence of the Duffy antigen
receptor for chemokines (DARC) on human red blood cells. P. wivaz protozoa rely on the
interaction between DARC and the Plasmodium vivazr Duffy-binding protein (PvDBP) to
invade human reticulocytes. Having the Duffy-negative trait thereby removes a mode of
invasion into reticulocytes by P. vivar protozoa. Nonetheless, infections by P. vivax have
been observed in Duffy-negative individuals, but the mechanism of infection in these cases
are not fully understood [20].

The transmission patterns of malaria are highly influenced by the Duffy-negative trait.
Duffy-negativity is very common in sub-Saharan Africa, so the fraction of the population
at risk of vivar malaria is very small. Consequently, the majority of malaria infections are
caused by P. falciparum. Although P. vivax infections is exceedingly rare in sub-Saharan
Africa, it is the most common malarial parasite in the rest of the world [10].

Our system models the dynamics of P. vivar malaria in the Amazonas state of Brazil,
because this population is much more polymorphic with respect to the Duffy antigen trait
than most parts of the world. Kano et al. [16] conducted a longitudinal study on the influence
of DARC on people’s susceptibility to vivar malaria in Rio Pardo, which is located in the
Brazilian state of Amazonas. In this study, they sampled antibody response to vivar malaria,
and disaggregated it by Duffy genotype to ascertain the influence of natural immunity. We
used data from the longitudinal work of Kano et al to determine the populations of interest
in our study.



1.2 Previous Mathematical Models of Natural Protection Against
Malaria

Previous mathematical models of malaria transmission dynamics frequently use epidemio-
logical compartmental models like the SIR model. In this paper, we use ordinary differential
equations to characterize the dynamics of vivar malaria in Rio Pardo, Brazil, with relation
to the Duffy antigen. We reference previous population genetics models that relate to the
sickle cell trait. Feng et al. [7] used a system of ordinary differential equations to describe the
relationship between malaria transmission dynamics and the genetic frequency of the S-gene
that causes sickle cell anemia. Furthermore, Feng and Castillo-Chavez [6] used an expanded
system of ordinary differential equations with three elements to characterize the complex
dynamics of the S-gene beyond the standard two-element system.

We use the Rio Pardo area studied by Kano et al. [16], because it is more polymorphic
than most parts of the world. This has implications for transmission dynamics of wvivax
malaria in the region. Figure 1 denotes the genotypic frequencies of the Duffy trait in Rio
Pardo.
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Figure 1: Distribution of Duffy antigen polymorphisms in Rio Pardo, Amazonas,
Brazil.

The above graph shows that the large majority of people in Rio Pardo are Duffy-positive,
but a considerable minority are also homozygous Duffy-negative. The characteristics of the
Duffy antigen suggest that people who are Duffy negative (FY*O/FY*O) are highly unlikely
to contract vivar malaria. This is supported by Figure 2, which shows the wvivar malaria
cases by genotype in the Kano study [16].
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Figure 2: Malaria cases by genotype in a longitudinal study conducted in Rio Pardo,
Amazonas, Brazil. Besides corroborating the protective effects of the Duffy-negative
trait, this data also suggests that the FY*B trait has limited protective effects against
vivaxr malaria.

The paper is structured as follows: we introduce the terms, parameters, and variables
of our mathematical model. We then describe our model and its dynamics. We formulate
the slow system, from which we deduct its manifold and the fitness of the X-gene. We use
this information to simulate the fast system and to determine its next generation matrix,
basic reproduction number, and equilibria. We conduct a global sensitivity analysis on the
model, eventually including biting rate seasonality, and then estimate our parameters. We
then conclude the paper by assessing the results and implications of our model.

2 Model

2.1 Model Formulation

There are four possible phenotypes of the Duffy antigen: Duffy-positive, where two of the
alleles (FY*A and/or FY*B) alleles are present; the two heterozygous Duffy-positive traits,
where one of the two alleles is present and the other is silent; and the homozygous Duffy-
negative trait, where neither the FY*A or FY*B allele is expressed. For our paper, we use
the following nomenclature for the Duffy blood group [12, 16, 18]:



H Meaning \ Phenotype Alleles & Genotype Classification H

Duffy-Positive | Fy(a + b+) FY*A/FY*B XX
Fy(a+b—)  FY*A/FY*A XX
FY*A/FY*O X0
Fy(a—b+)  FY*B/FY*B XX
FY*B/FY*O X0
| Duffy-Negative | Fy(a —b—)  FY*O/FY*O 00 |

In this paper, we use the term XX to refer to the presence of two expressed Duffy alleles,
XO for the presence of one expressed Duffy allele and one silent Duffy allele, and OO for
the presence of two silent Duffy alleles. The subscript ¢ denotes the genotype: ¢ = 1 for XX,
i = 2 for XO, and 7 = 3 for OO.

We structure our model similarly to the that Feng and Castillo-Chavez [6] used to describe
the dynamics of the sickle cell trait. Distinct differences between our models exist: whereas
the sickle cell model developed by Feng incorporates a death rate associated with the sickle
cell trait, our model does not implement a death rate due to the Duffy antigen. Furthermore,
our model considers the impact of seasonality on our numerical simulations. The variables
of our initial model are described in Table 1 and a summary of the parameters is presented
in Table 2.1.

Table 1: Variables and description for original model. Our values for P; and w; are based
in Rio Pardo, Brazil.

| State Variable Description |

u; Uninfected individuals of genotype

v; Infected individuals of genotype ¢

z Fraction of infected mosquitoes

X Fraction of uninfected individuals of genotype i
Yi Fraction of infected individuals of genotype ¢
w; Fraction of individuals in each genotype

N Total population

S Number of uninfected mosquitoes

I, Number of infected mosquitoes

M Total number of mosquitoes




Table 2: Parameters, descriptions, values, units, and source.

for Rio Pardo, Brazil.

The values for P; and w; are

| Human Parameters Description Value Unit Source ||
Fraction of total births
P with XX genotype 0.6657 people [16]
Fraction of total births
P, with XO genotype 0.3003 people [16]
Fraction of total births
Py with OO genotype 0.0339 people [16]
wy Fraction of XX people 0.6623 N/A [16]
wa Fraction of XO people 0.3072 N/A [16]
w3 Fraction of OO people 0.0304 N/A [16]
N Total Population 690 People [16]
b Base human birth rate 1.26e-5 1/day [4]
Density dependent
K reduction in birth rate 10000 people 6]
Probability of infection
o from infected bite for XX 0.78 N/A 15
Probability of infection
O from infected bite for XO 0.78 N/A 5
Probability of infection
s from infected bite for OO 0.00702 N/A 5, 16]
T Recovery Rate for XX 1/24 1/day [27]
V2 Recovery Rate for XO 1/24 1/day [27]
V3 Recovery Rate for OO 1/24 1/day [27]
m Natural human death rate  3.78e-5 1/day [4]
Disease-induced death rate . .
ay for XX People 0.0003 Deaths/infection [19]
Disease-induced death rate . .
Qs for XO People 0.0003 Deaths/infection [19]
Disease-induced death rate . .
Qg for OO People 0.0003 Deaths/infection [19]
H Mosquito Parameters H
a Biting Rate 0.5 1/day [24]
c Mosquitoes per Human 2.3 -4.36 Mosquitoes/Human  [25]
Probability a mosquito is
1 infected from XX 0.326 N/A 1
Probability a mosquito is
92 infected from XO 0-326 N/A (1
Probability a mosquito is
03 infected from OO 0-30 N/A [22]
) Mosquito Death Rate 0.315 1/day (3]




Let u(t) be the total number of uninfected people and v(t) be the total number of infected
people at time ¢. Thus, the total population is given by N(t) = u(t) + v(¢t). Furthermore,
let the subscript ¢ = 1 describe individuals with the Duffy genotype XX; i = 2 describe
individuals with the XO genotype; and ¢ = 3 describe individuals with the OO genotype.
For example, u; denotes the number of uninfected people whose Duffy genotype is XX, and
vy denotes the number of infected people with the XO genotype. Lastly, let S,,(t) be the
total number of susceptible mosquitoes and I,,,(t) be the total number of infected mosquitoes,
where the total number of mosquitoes in the population is given by M (t) = S,,(t) + L, () at
time ¢.
The mathematical model is derived based on the following assumptions:

1. New uninfected people of genotype i are born at the rate P,Nb(N), where b(N) rep-
resents the per capita birth rate as a function of the total population, and P; is the
fraction of births with genotype 4. Arbitrarily, we define b(N) as b(1 — %), where b
is the base birth rate and K is the carrying capacity. We assume that people die of
non-disease-induced causes at the rate of m. Infection occurs in humans at the rate of
ab;c, where ¢ is the mosquito-to-human ratio, a is the mosquito biting rate and 6; is
the probability a human becomes infected after being bitten by an infected mosquito.

Lastly, infected individuals recover and enter the uninfected class at the rate ~;.

2. Individuals enter the infected compartment at a rate af;c. We assume individuals either
die of natural causes at a rate m, or die due to malaria at a rate «;. Additionally,
infected individuals may recover and leave the infected class at a rate 7;.

’U.
3. The mosquitoes are born into the susceptible class at rate b,,. The term S,, Zle [agzﬁiﬁl}

describes the transition from susceptible to infected mosquitoes, where a is the mosquito
biting rate, and ¢; represents the probability that a ‘mosquito becomes infected after

biting an infected human of genotype i. Note that N can be thought of as the proba-

bility that a mosquito bites a person of genotype ¢ given that they bite an individual.
Lastly, we assume both susceptible and infected mosquitoes die at the rate of §. We
then add the susceptible and infected mosquito classes to create the compartment

dM
- b,, — 0 M, which we use to monitor the total population of mosquitoes.



Thus we have the system:
dui

= P,Nb(N)—  mu; —abczu; + v
dt —— ~—~ ——
Birth Natural death Infection Recovery
d’UZ'
= abjczu; — mv; — Vv — U,
dt ~—— ~— ~—
New infections ~ Natural death  Recovery = Disease-induced death
dS,, (1)
—_— 0 = b CL(Z51 + CL(Z52 + CL(Z53 - 0z
dt ~ ( ) ( ) ( ) ~  Natural death
Rate of infection by blood meal
drl,, (
a¢1 + CL¢2 + G¢3 - Ol
dt ( ) ( ) (t) N~

Natural death

Rate of infection by blood meal

The flowchart below describes how people and mosquitoes move between their respective
classes.

a;

\4

Y
P,Nb(N) u } abicz { v;
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Som ‘ » I, =zM(t)
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Figure 3: Flowchart of the population dynamics of humans (above) and mosquitoes (below), as
described in (3).

2.2 Human population genetic model

Our model requires distinguishing between the dynamics of each population’s genotype, be-
cause malaria dynamics occur on two time scales. Thus, we used Punnett squares to deter-
mine the fraction of total births of each genotype, in the Rio Pardo locality of Amazonas,
Brazil, denoted by P;. We combine the expressed alleles FY*A and FY*B into a singular
theoretical allele X. Likewise, we use O to represent the silent allele FY®S (where ES means
“erythrocyte silent”). Let w; be the fraction of the total population by genotype. An example
calculation of P; is below. Note that since P; is the fraction of births with genotype XX, we
only consider the possible crosses that can produce a child with XX when calculating P;.



Parent 2 (w)
X X w1 X W
— Genotype Probability
X | XX XX
Parent 1 (w;) < | xx XX XX
Parent 2 (w;) w1 X We
X X Genotype Probability
—
X | XX XX XX 1/2
Parent 1 (ws) o x0 X0 <O 1§2
Parent 2 (wy) W X W
X O Genotype Probability
—
X | XX XO XX 1/2
Parent 1 (wy) XXX X0 X0 1§2
Wo2 X W2
Parent 2 (w) Genotype Probability
X O - XX 1/4
X | XX XO /
Parent 1 (wy) o | x0 00 X0 1/2
00 1/4
1 1 1
P = (w1w1) + <w1w2) + (w2w1) + (wzwz)
1
= (w1)® + (wiw) + 7(w2)".

The other formulations of P; are determined using a similar method. Thus, the formulas
are as follows:

= () §<2w1w2> + (),
Py = %(2w1w2) 45 (2w + 5 (un)? + (2uws),
= (ws)? + 3wn)? + 5 (2wwy).

To simplify our analysis, we let w3 =1 — w; — wy. Then, our P; expressions are reduced:

1

Py = (w1)? + (wjws) + Z(w2)2,
Py = (wyjws) + (wew3) + 2(wiws) + %(w2)2 (2)
Py = (w3)? + (wows) + %l(wQ)Q

The assumptions above lead to the following nonlinear ordinary differential equations,
which model the disease dynamics of each genotype:

10



dui

dt

d’Ui

dt
dSy,
At
drz,
At

= P,Nb(N) — mu; — ab;czu; + v;v;,

= ab;czu; — mv; — Y;v; — ;U

= Birth — S, (ml N(lt) + ags N(Qt) + a¢3W‘°’t)> — 6z,
- (le ()+ ¢2 ()+ ¢3 ()>_5Imu i6{1’2’3}'

2.3 Re-scaled model

The re-scaling of the model is done for the sake of simplification. By re-scaling our original
model, we can use the proportion of genotypic populations in Rio Pardo, Brazil, and apply
the model to different populations in other regions. After this, perturbation analysis allows
us to separate the fast and slow dynamics in our system. As infection happens on a much
faster scale than human birth, death and evolution, it is crucial to create this separation so
we can determine the fitness of our genotypes, and to study the rate of infection by genotype.

U; v;
Let 7; = — and y; = — to represent the fraction of people with genotype i who are

uninfected and infected, respectively. Thus, w; = x; + y; is the fraction of the population

I
with genotype i. We define z = =~ as the fraction of mosquitoes that are infected. Lastly,

dw; dz;  dy : i i : . :
we let (;g = d_:i + dyt and substitut dxt d—z; similarly, ¥ is found using the relation
N =327 [u; +v;]. We then have the following re-scaled model:
i Pb(N) — mzx; — ab;czx; + vy; — xiﬁ‘,
dt - 6hzz(wz yz) (m + 7%+ az)yz yzﬁ»
dz
Fri (1 = 2) (Borys + Buayz + Busys) — 92, (4)
dw; N
élt) = Pb(N) — mw; — a;y; — Wings
dN
- N[b(N) —m — a1yr — agys — azys] .

2.4 Slow Dynamical System

We use a fast-slow decomposition to analyze the dynamics of our model. The slow system
employs the time-scale 7 = et, for some small positive value €. As such, large changes in ¢
result in small changes to 7, making analysis of the slow system well suited to investigate
dynamics which unfold over long periods of time, such as evolution. Model (4) provides a
template for modeling the slow and fast dynamics of malaria transmission in the Rio Pardo.
In the slow system, time is parameterized to be measured in 7 = et. From this equation, we

11



determine that
dt

dr

For further simplification, we define (3,; = a#;c to replace the infection rate of humans

after being bitten by mosquitoes, and 3,; = a¢; to replace the infection rate of mosquitoes
after biting humans. By letting m = em, «o; = eq; and b = €b we obtain the following,

dy; dy; dt dy;  dy;

ar at ar Sar T a

=1/e.

A similar pattern applies to all derivatives with respect to £. In this fashion, the original
model of the system is simplified to the slow system as follows:

E(iff = Briz(wi — Yi) — VYi — €y [EE(N) + €q; — eq1y1 — €Qays — €03Y3| (ba)
L= (1= ) adryr + b + adus) — 02, (5h)
% =N [Z(N) —m— iy — Gays — 53,03] , (5¢)
(3;:2 = (P, — w;)b(N) — Qi + w; [G1ys + oy + asys) . (5d)

2.4.1 Manifold of Slow System

This system has a three-dimensional slow manifold:
M = {(yl; Y2,Y3, <, N7 w1, w27w3) ‘Y = y:(wlyw% ws, N)7l = 17 2a 37 z = Z*(wla W2, W3, N)} .

The functions y;,i = 1,2,3 and z* are given in (21) and (22). The slow dynamics on M are
described by the following equations:

dN 7 ~ ~ % ~ % ~ %

- = b(N)—m—alyl—ang—a3y3 ,

o i (®
drl = (P; — wy)b(N) — auy; + w; [aqyy + aays + asys] .

2.4.2 Determining Fitness of the X-gene

The fitness of the X gene, that being the presence of the Fiy® and/or Fy® antigens in retic-
ulocytes, determines the capacity of the Duffy-positive gene to be passed down to future
generations. By calculating the fitness of the X gene, we determine the influence of selection
on the prevalence of the Duffy-negative trait in our region of study. We denote the frequency
of the X-gene by p = w; + %wg, where wy is the frequency of XX individuals and w, is the
frequency of XO individuals. The invasion ability of the X-gene is described by

1dp
pdr o

(7)

12



We will use this quantity to define the fitness of the X-gene, .%. We assume all genotypes
have the same death rate, m. We define the following out of convenience:

_ P
Vi

Th (8)

Using equations from the slow system dynamics for w; we obtain
w _ <P1 i p) b(N) — @yé — Yy +p (23: &iy*> (9)
dr 2 2 " ’
=a+b+cH+d.

We have that 0 < wy,ws < ¢. So, when p = 0, we must have that w; = wy, = 0 and
subsequently w3 = 1. Substituting the expressions for P, and P, in (2) in (9) we obtain:

1
§a|p:0 = 0.
%Assulme & = & = & and 1), = Tj, = Tj. Note also that 2*|,—g = 2"|w—ws=0 =
m. Then,
%(b e % (_%y; N dly;) - ]lo (_% ﬁ%zz N O‘lwf;:hzz) ’

1
—&Thz* . —dTh(%[)g — 1) ( O)

- 1—|—Th2* - %03(1—|-Th) —Th+Th3'

Further, given that y;|,—0 = 0, y2|p—0 = 0 and

| o Z*Th3
Yalp=0 = 2¥ T, + 1’
we have that
1 ng*Th3 . dgTh3 (%03 - 1)

]3’1920 S 2T 1 Ros(Thy +1)
Combining the terms yields
F = —&Wl + dQWQ,

Th(Hos — 1)
Hoz3(1+Ty) — Ty + Ty

Ty (Ro3 — 1)
Ro3(Th, + 1)

We plot the fitness of the X-gene utilizing the parameters obtained from the literature in
Fig. 4. Notice that as the infection rate for OO people decreases, the fitness or the inva-
sion ability of the X gene decreases. Also, notice that as the recovery rate for OO people
increases, the fitness of the X gene decreases meaning the X gene invades less.

where W, = and Wy =

13
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Figure 4: The left plot shows the fitness of the X gene plotted with respect to 3 (recovery rate
for Duffy-negative people) and 3 (infection rate for Duffy-negative people).The right plot is the
contour plot that shows the boundary where the fitness is greater or less than zero or rather when

the X-gene invades.

2.5 Fast Dynamical System

The fast system, which describes short-term disease dynamics, uses t as the time variable
applied to disease transmission. Whereas the slow system operates in a matter of decades
depending on the value of €, the fast system operates on a more limited scale in a matter of
days. This neglects birth rates and death rates, and instead focuses on P. vivar transmission
and recovery. Let € > 0 be small, and let m = em, «; = eq; and b = eb. Substituting into
system (4) yields:

dyi_ﬁ.z(w._ ) — eiy; — Yiyi — € _yidN

dt — Mhi [ Y; €Emy; YiYi €Q;Y; N dt;

dz

E = (1 - Z)(ﬁvlyl + Bv2y2 + Bv3y3> - 627

i p (1= N] - s — ey~ 2N ()
T € % EMW; — €Q;Y; N

dN ~ N - - - -

o =N {eb (1 — E) — €M — €Q1Y] — €Qialjs — EQ3Y3

In the fast system, the parameter ¢ approaches zero so that the birth and death rate are

N
negated. Because lim,_.g v = 0, then as € — 0, the fast system then becomes

14



dy;

1@ Braz(wi — yi) — V¥, (12a)
dz

a (1 = 2)(Boryr + Buaya + Busys) — 0z, (12b)
dUJZ‘

= 12

dt 0 (12¢)
dN
— =0. 12d
a = (12d)

2.6 The Next Generation Matrix and the Basic Reproduction
Number of the Fast System
The next generation matrix is used to calculate the basic reproduction number, which predicts

the number of P. wivaxr cases caused by one preceding incidence. We use the remaining
equations in the fast system to form the initial matrices

T T
Briz(wi — y1) YY1
F — Braz(w2 — yo) and ¥ = | 7292 (13)
Brsz(ws — ys3) Y3ys|
(1 = 2)(Boiyr + Buoyo + Busys) 0z

Taking the Jacobian of .# and 7, respectively, yields:

[ —Buiz 0 0 Bri(wy — y1)
0 —Bhaz 0 Bhra(ws — ya)
F=J% =
7] 0 0 —Br3z Brs(ws — y3) ’
| —Bui(z—1) —Buw(z—1) —PBu(z—1) —Buyr — Pu2y2 — Busys
[vv 0 0 0
1o w00
Vi=J[V] = 0 0 ~ 0
0 0 0 5

Thus, at the disease free equilibrium Ey where (y1,y2, 93, 2) = (0,0,0,0), the next gener-
ation matrix is:

-1

0 0 0 ﬂhlwl 71 0 0 0 0 0 0 (ﬁhlwl)/(S
Fv_l _ 0 0 0 ﬁthg 0 Y2 0 0 _ 0 0 0 (ﬁ]ﬂﬂ)g)/d
0 0 0 6h3w3 0 0 Y3 0 0 O 0 (ﬁhgwg)/(s

Bor Bu2 Bz 0 0 0 0 ¢ B/ Bua/ve Bus/v3 0

The spectral radius of the next generation matrix is our basic reproduction number,
denoted by Z,.

15



Ry = a\/0(727391¢1w1 + Y1730202w2 + 71726’3q§3w3)’ (14)
0V17273
(@0)2 _ a20727391¢1w1 1 a20717392¢2w2 n a20717293¢3w3 (15)
5717273 5717273 5717273
0 0 0

w0, (ach:)(agr) o, (achs)(ag2) g (acts)(ads) (16)

oM 072 V3
= w1 %01 + W Koz + WsHo3, (17)

/Bhiﬁvi

7

where Zy; =

. For convenience, we define

Ko = unZor + waZor + wsHos,

which doesn’t affect the validity of the inequalities Z, > 1 and %, < 1.

2.7 Conditions for Stability of Disease-Free Equilibrium

Theorem 1. The disease free equilibrium Eqy is locally asymptotically stable if %o < 1 and
unstable if Xy > 1.

Proof. To determine the stability of Ej, we first find the Jacobian of the fast system and
evaluate it at Fj.

—(Briz +m) 0 0 Bra(wi — y1)
J— 0 —(Br2z + 72) 0 Bha(w2 — y2) (18)
0 0 —(Br3z +73) Brs(ws — y3)

Bvl(l - Z) 51)2(1 - Z) 61)3(1 - Z) _(ﬁvlyl + ﬁv2y2 + 51;31/3 + 5)

N 0 0 Buw:

10 =y 0 Brows
TEI=1 0 07— Buawy (19)

Evl Bv? 61)3 -0

Note that J(Ep) can be expressed as M — D where M and D are both non-negative matrices
and D is additionally a diagonal matrix.

0 0 0 5h1w1 71 0 0 0

_ A _ |0 0 0 Spows 10 % 0 0
J(Ey) =M — D where M = 0 0 0 Bhyws ,and D = 0 0 ~ 0
51}1 51}2 /81}3 0 0 0 0 o

From here, we use the following theorem.

Theorem 2. Let M and D be matrices such that every entry is nonnegative and D is a
diagonal matriz and let H = M — D. If the dominant eigenvalues of M D~ are less than 1,
then the real part of the eigenvalues of H are less than 0. [6]
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It can be shown that the matrix M D! has two eigenvalues of 0 and the remaining two
are

)\1’ )\2 = 4+ wy ﬂhlﬁvl +wy 5h26v2 + ws ﬁh?)ﬁvi% .
673 5’}/2 5’}/3

Making the substitution %, = wl% + wy hQB V2 4 g2 h3’3 3 vields

)\1,)\2 ::l: 9?0.

Note that Ay = —/Z%, is always less than 1 since %, is always greater than or equal to 0.
Additionally, A\; < 1 when %y < 1 and A\; > 1 when %, > 1. By Theorem 2, the real part of
all the eigenvalues of J(Ey) are negative when % < 1, meaning the disease-free equilibrium
is locally asymptotically stable when %, < 1. Likewise, Ej is unstable when %, > 1. O]

2.8 Location of Nontrivial Equilibrium
The nontrivial equilibrium E* = (y},v3,y5, 2*) is a solution to the following system.
0= Bnz" (w1 —yi) — nyi

(
0= 5}122’* Wo — ) - 7295
0= B3z (w3 — y3) — V3Y3

(20)
0= ( Z*)(ﬁvlyl + ﬁv2y2 + ﬁv3y3) 5 -
For convenience, we define Tj,; = th . Substituting and simplifying yields the following
expression for y;: Z
. DBpwiz” Ty, w;z*
Yi = = (21)

Vi + Bzt Thzr+ 1

To find the solutions for z*, we substitute out yj,y;, and y5 in (20) and divide out the
trivial solution of z* = 0. Additionally, we let w = w; + wo and assume Tj; = Tjs and
Ho1 = Ho2. This yields the quadratic:

0= kg(Z*)2 + kl(z*) + k’o,

where

ko = Ty Ths + HosThi (1 — w) + o1 Thsw,
kl = Thg + Thl + %{)3(1 — Thl)(l — ’LU) + :@0110(1 — Thg), (22)
k?() =1- %03(1 - U)) - %0111}.

Note that ko can be rewritten as ks = 1 — %y, and let h(z) = ky(2)? + k1(z) + ko. Note that
z* is by definition a solution to the equation h(z) = 0.

Lemma 1. If0 < %, < 1 then k; > 0.
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Proof. Let 0 < %y < 1 and define Ty = max(7T},;1, Ths). Based on these two statements,
Ths + Th1 — To%y > 0. (23)
Additionally, since Ty > T1 and Tg > Tj,3, we know
RHosTo(1 —w) + Zo1Tow > RBosTh1(1 — w) + Zo1 Thsw. (24)
From our definition of k; (22),
kv = Ths + Th + Zos(1 — Thi ) (1 — w) + Zorw(1 — Ths),

=Ths + Th1 + Zo3(1 — w) + Zonw — RosThi (1 — w) — B Thsw,
=Ths + Tha + %o — ZosTh1 (1 — w) — Zor Thsw.

From here, using relation (24) yields

ki > Ths + Th + %o — ZosTo(1 — w) — Zoi Tow,
ki > Ths + Tha + %o — To %,

and relation (23) implies
Ths + T — ToFo + %o > K.
Combining the two results above yields k; > %y. Therefore, if 0 < %y < 1, then k; > 0. O

Theorem 3. Assuming all parameters are biologically possible, the fized point Eq in the fast
system (12a) is biologically impossible when %y < 1 and biologically possible when %y > 1.

Proof of Theorem 3. Let all parameters be biologically possible and 0 < %, < 1. From
Equation 22 it follows that ks > 0 and kg > 0, due to the respective conditions above.
Additionally, Lemma 1 implies, k; > 0.

Let 27, z3 be the two solutions to the quadratic h(z) = 0. Then, by Vieta’s formulas, the
solutions to h(z) = 0 satisfy

o ICO kl
= ]g2

and using the conditions kg, k1, ko > 0, they simplify to

*

*
Zl 'Z2

2725 >0 2+ 25 <0

The inequality on the left rules out the possibility that exactly one of the roots of h(z)
is positive and the inequality on the left implies that the roots cannot both be positive.
Therefore, neither 2] or z5 are positive. As such, when 0 < %, < 1, the nontrivial equilibrium
is not biologically possible since E* would require a negative or complex fraction of mosquitoes
to be infected, neither of which are possible in the real world.

To prove the second part of Theorem 3, let all parameters be biologically possible and let
Hy > 1. Similar to earlier, these two conditions imply ks > 0, k1 < 0 and kg < 0. Similar to
before, applying these conditions to Vieta’s Formulas yields

. _ ko

* * *
2
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Since ky, ko, k3 are all real numbers, 27, 25 must also, so the inequality above must imply that
either z7 or z} is positive, but not both. Let z* be this unique positive solution to h(z) = 0.

Next, we wish to show that 0 < z* < 1. Since %, > 1, we know kg < 0 by Lemma 1.
Additionally,

h(0) = ko — h(0) <0
h(1) =1+ Ths + Tha + Th3Tha = h(1) >0

since Ty and Tp3 are greater than 0 when all parameters are biologically possible. Because
h(z) is a continuous function with h(0) < 0 and h(1) > 0, the Intermediate Value Theorem
implies that there exists a solution to h(z) = 0 between z = 0 and z = 1. Since z* is the only
positive solution to h(z) = 0, we conclude that

0<z" <L (25)

Recall that z* represents the fraction of mosquitoes at the equilibrium point E*. As such,
z* is biologically possible when %, > 1 since 0 < z* < 1.

Lastly, we wish to show that 7, y5,vys are also between 0 and 1 when all parameters are
biologically possible. Recall that Equation 21 tells shows

k
w Thi W; =z
Y;

Tzt + 1

Since w; represents the fraction of the population with genotype 7, w; must satisfy 0 < w; <1
in the real world. As such, the denominator for y! is necessarily greater than the numerator.
Therefore, at the nontrivial equilibrium, 0 < y < 1, meaning 7, y5, and 3 are all biologically
possible. As such, we conclude that E* is biologically possible when all parameters are
biologically possible and %, is greater than 1. O

2.9 Conditions for Stability of Endemic Equilibrium

In the previous section, we proved that the endemic equilibrium E* exists in biologically
possible space only when %, > 1. We now present the following theorem on the stability of
E*.

Theorem 4. If %y > 1 and all parameters are biologically possible (i.e. E* is biologically
possible), then the fized point E* is stable.

Proof. Taking the Jacobian of the fast system (18) and evaluating it at E* yields

—(Brz* + 1) 0 0 Bri(wr — y7)
J(E) = 0 — (B2 + 72) 0 Bra (w2 — y3)
0 0 —(Brsz* + 3) Brs(ws — y3)

Boi(1 = 2%) Bua(1 — 2%) Bus(1 = 2*) = (Buryi + Bu2ys + Busys +0)
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Note that J(E*) = M — D where M and D are both non-negative matrices and D is a
diagonal matrix.

0 0 0 B (w1 — y7)
M _ 0 O 0 ﬁhg(wg — y;)
0 0 0 Brs(ws — y;) ’
_Bvl(l - Z*) BvZ(l - Z*) Bv?)(l - Z*) 0
[ Br1z" +m 0 0 0
D= 0 Braz™ + 72 0 0
0 0 Br3z™ + 73 0
0 0 0 Byt + Bu2ys + Buzys + 6

Recall that Theorem 2 states that the real part of the eigenvalues of J(E*) are negative if
the dominant eigenvalue of M D~ is less than 1.
It can be shown that M D~! has a double eigenvalue of 0 and the other two are

_ 5v1(1—z*)) (sz(l—z*)> (ﬁvg(l—z*))
Ap, Al = :|:\/A1 (5“2* P + A, —thz* NP + As —5h32* s (26)

. Pri(w — )
’ Z?:I [Buiy;] + 6

Note that A_ is always less than 1 provided that all parameters are within biologically possible
bounds. Next, we wish to show that A\, is also less than 1.
From Equation 20, recall that

0= (1=2")(Buyi + Buays + Pusys) — 62"

Manipulating this equation to isolate z* yields

* Z?:l [ﬁvzy:] )
Z?:l [Bm@/ﬂ -0

where

(27)

Using the equations of form v;y; = By;2*(w; —y;) from Equation 20, we obtain the following
expression for z*.

j€{1,2,3}

Brj(wj — y5)

Setting these two expressions for z* equal and multiplying both sides by the fraction 23 Bors!]
i=1 PviY;

yields

(wi — Y5
Bnj(w; y]) _ QALY Jje{1,2,3}

Z?:l [Buiyi] — 0 Z?:l [Bviy;‘k]j
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Note that the left side of this expression is equivalent to our definition of A;, Equation(27).
As such,

VY5 .
A= ——— j€e{1,2,3}.
’ Z?:I [Buiy;]

Furthermore,

i 1 P % i 1 % .
L B Y1) F
Bniz* +v5 1 30 [Buiyi] L Briz* +
_ Buyi(1— =) [ % ]
S i [Buii] LBnsz* +;
From here, since all parameters are assumed to be biologically possible, 3;; +v; > 7;. Using
this inequality, we find

" [ﬁvj(l — z*)] _ Bujy; (1 = z%)
LB+l T S Bur]

Next, we sum Equation (28) over j = 1,2,3 to obtain the following. Note that the left side
is equivalent to (A;)? by (26).

j=1 j=1

je{1,2,3} (28)

(A+)2 < 1— Z*

Recall from Equation (25) that 0 < Z* < 1. Therefore Ay < 1. Since both A\_ and A, are
less than 1, Theorem 2 applies, meaning that the real part of the eigenvalues of J(E*) are
negative. As such, we conclude that E* is stable if %, is greater than 1 and all parameters
are biologically possible. O

3 Sensitivity Analysis

We conduct global sensitivity analysis on our model to determine which parameters are
most influential to the model’s behavior. We include biting rate seasonality on our global
sensitivity analysis of the fast subsystem, as outlined by the inter-compartmental approach
from Renardy et al [21].

There are multiple methods to perform global sensitivity analysis. For nonlinear and
monotonic relationships, measures that work the best are Spearman rank correlation coeffi-
cient (RCC or Spearman’s p), partial rank correlation coefficient (PRCC), and standardized
rank regression coefficients (SRRC) [17]. The Sobol method is effective for nonlinear non-
monotonic trends, as do the Fourier amplitude sensitivity test (FAST) and its extended
version (eFAST). The derivative based one at a time (OAT) method can be used on any
continuous system where it isn’t computationally difficult to calculate the partial deriva-
tives. Since the relationship in the fast subsystem with seasonality is nonlinear and non-
monotonic with computationally possible derivatives we can either utilize the eFAST or the
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OAT method. We proceed with the OAT method at this time but will conduct eFAST in
the future.

3.1 Calculating The Elasticity of %,

We compute the sensitivity indices of the parameters to determine how much each parameter
influences %Z,. The sensitivity index for a parameter p is calculated as

0% b
8]? 6@0'

The sensitivity indices are as shown below. A contour plot of the values of %, depending
on the percentages of the population with XX and XO can be seen in Figure 5. Since the
biting rate a and the mosquito death rate § rely on the population of mosquitoes, %, is
most drastically influenced by these parameters. The parameters 65, ¢3, and ~5 all have low
elasticities because of the low percentage of the population with absence of the Duffy trait.

2.5

2.0

1.5

1.0 1
- M B
0.0+ e . ._

[

Elasticities of R0

-0.5¢

-1.0

d c 91 92 93 ¢1 ¢2 ¢3 o Vi Y2 V3 Wy Wy, W;
Parameters

Figure 5: Sensitivity indices for % for each parameter in Rio Pardo

3.2 Global Sensitivity on Fast System with Biting Rate Seasonal-
ity

The elasticity of %, substantiates that the mosquito biting rate is the most influential pa-
rameter to Zy. We can then account for the seasonality of biting rate by equating a to the
sinusoidal model determined by Iyaniwura et al. [15]:

a=ag[l+ ecos(2rw(t —t.))].
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We use derivative-based sensitivity analysis and calculate the normalized sensitivity index
from Arriola and Hyman [2] for the equation denoting the total change in the fraction of

0
people getting infected. Thus, we are calculating a_yﬂ for each parameter p in y where

y = Y1 + Y2 + y3 where the other parameters are the baseline values determined by literature.
The average sensitivity indices for the Rio Pardo and Macapa DARC distribution are shown
in Fig. 6. Macapa has a larger percentage of OO people than Rio Pardo. Therefore, w3 has
a greater sensitivity index in Macapa but is still smaller than w; and w; due to the reduced
transmission rates for OO people.

0.6

04

04t

-0.6 |

% Change in Fraction of Total Infected Population
% Change in Fraction of Total Infected Population
=

-0.8

c h th s g do s 11 2 B3 S a € w I wil wr w3

Figure 6: Mean sensitivity index of each parameter. The left graph uses the initial conditions and
DARC distribution in Rio Pardo, Brazil while the right graph uses the values from Macapa, Brazil.

4 Parameter Estimation

To estimate the transmission rates of malaria between mosquitoes and humans, we conduct
parameter estimation on the fast subsystem using incidence data from Brazil and by assuming
that Rio Pardo’s Duffy genotype frequency is representative of the wider Brazilian Amazon.

We begin by splitting up time series of cases in Brazil from August 2020 to May 2023
from Garcia et al. [9] to the number of people in each DARC genotype infected.

4.1 Relative Risk of Infection Based on Genotype

Due to the limitations of available literature, we use our known information to infer the
infection rates of P. vivaxr malaria, based on the Duffy polymorphisms in Rio Pardo. For our
model, we attempt to weight the relative risk of being infected with P. vivazr malaria (n;) by
an individual’s genotype. We presume that if everyone in the population contracts malaria

v w
at the same rate, then — is equal to —. We used the values of variables provided in the

Uy wy
paper by Kano et al. [16] to adjust the risk according to the genotype of each population,
resulting in this system of equations:
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V2 No %)

U1 ny w1
Us _ (M) [Ws (29)
(%1 ni wq

V1 + V2 + U3 = Vgotal

where n; is the relative risk of infection of P. vivar malaria for someone with a genotype . By

v v
calculating = and -2 and solving the system of equations, we can determine the proportion
U1 U1
of the infected population by genotype.
The values of n; must be calculated to determine the relative risk of infection for each
genotype. As determined by Kano et al. [16], let n,, be the risk of infection due to the

FY*A/FY*A genotype; ny be the risk of infection due to the FY*B/FY*B genotype:

B FY xA/FY x A (o )+
MTN\FY«A/FY+ A1 FY+B/FY * B+ FY * A/FY xB ) ™

FY « B/FY * B -
FY «AJFY « A+ FY « BJFY «x B+ FY x AJFY « B ) * "

FY « A/FY % B ()
FY+A/FY *A+ FY xB/FY B+ FY  AJEY B )

160 93 204
— 0.92 1.00 1.00
(160+93+204>( )+<160+93+204)< )+(160+93+204>( )

= 0.9719912

(30)

We define ny as the weighted average of the relative risk of infection a heterozygous genotype
with a silent allele. Let n,, be the risk of infection for FY*A/FY*O genotype, and ng, be
the risk of the FY*B/FY*O genotype.

B FY x« A/FY %O (o)
" E\FY «AJFY O+ FY « B/FY %0 ) '

N FY « B/FY %O ()
FY * AJFY xO 1 FY # B/FY 0 ) """

139 73
= (— ) (081)+ [ —>—) (1.2
(139+73) (0.81) + (139+73>( 6)

= 0.9649528.

(31)

n
The relative risk — of the heterozygous genotype is therefore calculated as follows:
ny

ny  0.9649528

2o R ().992758.
09719912 992708 (32)

v v
Thus, from Equation 29 we solve for =2 and —:
U1 U1
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(%) . N9 Wao U3 o ns W3
U1 n wy U1 n wy

— (0.9649528) <0'3072) — (0.09) (0'0304)

0.6623 0.6623
= 0.4475819 = 0.00413

v
where — represents the homozygous Duffy-negative genotype.
U1

4.2 Fitting the Fast System with Seasonality

We begin the parameter estimation by fitting the sinusoidal seasonality of biting rate by
fitting the below model from [15] to the incidence cases of Brazil:

a = ag[l + ecos(2mw(t —t.))].

Dual annealing was used to minimize the mean absolute percent error (MAPE) between a and
the incidence of cases. This was used to fit the parameter w. We then continue to estimate
every parameter except w with dual annealing where it minimizes the following value:

MAPE(Total incidence) = MAPE(Incidence of XX cases) +
MAPE(Incidence of XO cases) + MAPE(Incidence of OO cases).

Mosquito Biting Rate and Incidence vs. Time

(Aug 2020 - Mar 2023) =

12000 ----n Incidence (Data) —— Biting Rate (Model) A’

) fod 0.066
& 11000 £
o 0.064 T
2 3
= 10000 =
- 0.0622
% 9000 o
38 0.060=
= o
£ 8000 0.058+2
5 o
= bl i 7 [y}
7000 : \ 0.0563

1 1 1 1 0

0l 2-0 9-0 0 1-0 01
2010&1 2021’0 1021’0 107,2'01 2012'0 202'237'
Time (Year-Month-Day)

Figure 7: Modeled mosquito biting rate and P. vivaz incidence in the Brazilian Amazon
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Monthly Incidence by Genotype (Aug 2020 - Mar 2023)
Duffy-Positive Incidence vs. Time (MAPE ~ 7.02%)
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Figure 8: Fit of model to the estimated breakdown of P. vivaz by Duffy positivity in the Brazilian
Amazon

In Fig. 7, the biting rate lags the incidence of vivar malaria cases. This is because it
takes time for an increased number of bites to result in more infected mosquitoes, which
would in turn increase in the number of infected people. In Fig. 8, the lines representing
the data look very similar because they differ by a constant factor due to our assumptions
when disaggregating the incidence data. Likewise, the model looks very similar because at
any given time, the rate of Duffy-positive individuals become infected differs from the rate of
infection of Duffy-negative individuals. We assumed that the distribution of people with each
DARC genotype was equal to the distribution in Rio Pardo. The results of the parameter
estimation can be seen in Table 3.

Table 3: Estimated Parameters for Fast System with Biting Rate Seasonality

H Human Parameters  Description Value H
0, Probability of infection from infected bite for XX  0.729
0y Probability of infection from infected bite for XO  0.729
03 Probability of infection from infected bite for OO  0.060
Y1 Recovery Rate for XX 0.0159
Y2 Recovery Rate for XO 0.0159
Y3 Recovery Rate for OO 0.0159
H Mosquito Parameters H
H ag Average Biting Rate 0.0613 H
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€ Degree of Variation around Biting Rate 0.0986
w Frequency for seasonal malaria epidemic 0.0025
te Phase Shift in Periodicity —50.07
c Mosquitoes per Human 1.39
01 Probability a mosquito is infected from XX 0.520
02 Probability a mosquito is infected from XO 0.520
03 Probability a mosquito is infected from OO 0.025
) Mosquito Death Rate 0.121
5 Results

We developed a multi-scale mathematical model that quantifies the impact of the DARC
genotype on the epidemiology of wvivar malaria, and the impact of vivar malaria on the
long-term frequency of Duffy-positivity. From our sensitivity analysis of %, for the fast
system without seasonal biting rate, we find that the mosquito biting rate, a, has the highest
elasticity index, and therefore the largest impact on the value of %,. Thus, varying the
mosquito biting rate heavily influences the dynamics of P. vivax.

Since malaria incidence data exhibits seasonal fluctuations, we implemented seasonality
into our model by making the biting rate a sinusoidal function of time. Using this updated
model, we then conducted sensitivity analysis on the model’s prediction of the total number
of people infected across genotypes. However, because different places have different percent-
ages of the population with each genotype, we conducted this analysis using the genotype
fractions from Macapa and Rio Pardo, where about 59% and 3% of people are Duffy-negative,
respectively.

When comparing the results of the sensitivity analysis on the model incorporating sea-
sonality, we find that in both Macapa and Rio Pardo, the recovery rates 7; and 7, have the
largest impact on the number of total infected people, which reflects our model’s assumption
that people leave the infected class at these rates. Aside from these two parameters, the
average biting rate ay has the largest sensitivity index, with ¢, the ratio of mosquitoes to
human, coming in second. The population of mature female mosquitoes per area is thereby
a driving force of infection by P. vivax. Given that the life cycle of mosquitoes is dependent
on temperature and humidity, we defined the biting rate as a sinusoidal function. By fitting
this to our data, we assume that biting rate is the diving force of this cycle. Our sensitivity
analysis confirms this positive correlation between the biological reality of the vector and our
model.

Similarly, mosquitoes are infected by taking a blood meal from human populations; how-
ever, taking this blood meal from a Duffy-negative individual has no effect on the rate of
mosquito infection. Indeed, only ¢; and ¢, have positive sensitivity indices in both areas. In
Rio Pardo, w3 has a negligible sensitivity index due to the small percentage of Duffy-negative
people in Rio Pardo. In Macapa, ws has greater sensitivity due to the larger percentage of
Duffy negative people in Macapa. However, w is still smaller than w; and ws due to the
reduced transmission rates for Duffy-negative people.

We conducted parameter estimation on the fast system by utilizing a time series of cases
in Brazil [9] to fit the transmission rates of malaria between mosquitoes and humans. Sea-
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sonality is incorporated through the mosquito biting rate in the fast subsystem so as to fit
the seasonality of malaria cases in Brazil. We established a fit to the monthly incidence for
Duffy-positive and Duffy-negative people, and determined a mean average percentage error
of 7.02%. The transmission rates predicted by the parameter estimation are lower than the
ones determined by literature. This leads to conservative %, values.

We investigate the impact of the fraction of people of XO and OO people on the repro-
duction number Z,. Fig. 9 are formulated by utilizing transmission rates obtained through
parameter estimation, and identical transmission rates multiplied by 2.5 to yield a high trans-
mission scenario. The left plot suggests for the transmission rates found through parameter
estimation that the fraction of homozygous or heterozygous Duffy-positive people doesn’t
affect Zy. The right plot with higher transmission rates illustrates that at least 85% of the
population needs to be OO for %, < 1 or in other words P. vivaz is controlled.
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Figure 9: The white line through both figures is when %, = 1. The left figure is a contour
plot of how the fraction of homozygous or heterozygous Duffy-positive people affects %, for low
transmission rates. The right figure is the same but for higher transmission rates.
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Heatmap of Genotype Frequency 10
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Figure 10: Frequencies of Duffy genotypes in different locations. Data from [14].

To quantify the relationship between disease burden and the frequencies of each Duffy
genotype, we obtained Duffy genotype distributions for different locations from a handful of
studies. In Fig. 10 is the map and the Duffy genotype breakdown of each sampled place. It
can be seen that in the cities sampled from Cameroon and Kenya that the whole population is
Duffy-negative while in the cities from China and Sweden the whole population is homozygous
Dufty-positive. Some cities in Brazil have more diverse profiles such as Mazagao and Macapa.

We then use %, defined in (14) to plot the basic reproduction number vs. the fraction
of people who are Duffy-negative. Additionally, we use the model parameters from Table 3
and wy, ws, w3 from the data mentioned above. Note that some locations present in Fig. 10
have the same Duffy genotype frequencies as other locations, and are thus redundant and
are not included in the scatterplot. To represent scenarios with high malaria transmission,
we multiply the infection rate parameters Sy;, By, (i € {1,2,3}) by a factor of 2.5 to increase
the rates of infection.
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Scatterplot of Predicted Rp vs. Frequency of OO Genotype Scatterplot of Predicted Rp vs. Frequency of OO Genotype
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Figure 11: Scatterplots of predicted %y values versus the frequency of the OO genotype for low
(Left) and high (Right) transmission rates with lines of best fit.

In Fig. 11, the lines of best fit for the low transmission and high transmission scatterplots
are y = —0.8207x + 1.0644 and y = —2.052x + 2.661, respectively. According to these slopes,
a decrease of about 10 percentage points in the percentage of Duffy-negative people results
in an increase of %, by about 0.08 when the malaria transmission is low. When we increase
the transmission rates by a factor of 2.5, the same 10 percentage point difference causes a
roughly 2.5 times larger increase to %, of about 0.21. Additionally, the relation is slightly
nonlinear, as changes to smaller fractions of Duffy-negative people result in a smaller increase

to %0.

6 Discussion

The purpose of our mathematical model is to characterize the epidemiology of P. wivax
malaria in relation to the DARC genotype. We do so by separating the genotype into
three classifications, each relating to the number of alleles that are silent or expressed in a
Duffy polymorphism. Thus, we employ a three-genotype model similar to the one Feng and
Castillo-Chavez [6] developed to describe the sickle cell trait.

Using the slow system of our model, we obtained the fitness of the X-gene, which rep-
resents the likeliness of the expressed Duffy alleles FY*A and FY*B to persist into future
generations. As shown in Fig. 4, as the recovery rate of Duffy-negative people (v3) increases,
it becomes more advantageous to be Duffy-negative and the X-gene is less likely to be se-
lected for than the silent O-gene. As the infection rate of Duffy-negative people decreases,
the fitness of the X-gene also decreases since it’s more beneficial to be Duffy-negative.

Through sensitivity analysis on both %, and the equation for the total number of infected
people, we determined that the mosquito biting rate is highly influential parameter in both
quantities, and thus highly influential in P. vivar malaria dynamics.

When we investigated the impact of the frequencies of the DARC genotypes and the
transmission rates on %, we found that as the fractions of homozygous and heterozygous
Duffy-positive people increase, %, also increases. Based on the model, there is an nonlinear
inverse relationship between the frequency of Duffy negative people and the basic reproduc-
tive number #,. To gather these results, we used a handful of Duffy genotype population
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breakdowns from various locations. Additionally, increasing the transmission rates resulted
in an increase to the smallest percentage of Duffy-negative people required to keep P. wvivaz
outbreaks under control.

Our model quantifies how the diversity of DARC genotypes impacts the dynamics of P.
vivax malaria infections. In this paper, we established a framework to determine what per-
centage of Duffy-negative people are required to keep P. vivaz outbreaks under control, once
given the transmission rates from a specific geographic area. With statistically representa-
tive genetic data with respect to Duffy genotypes, our model can more accurately determine
which populations are at risk of vivar malaria. Furthermore, once given region-specific in-
fection parameters, this model can be applied to geographic regions around the world with
varying genotypic frequencies. This provides valuable insight for the delegation of resources
to different populations, such as antimalarial drugs, insecticide-treated bed nets, and malar-
ial vaccine trials. Future work includes conducting Markov chain Monte Carlo sampling to
establish confidence intervals for our parameter estimation. In addition, we hope to apply
Extended Fourier Analysis Test (eFAST) to the fast subsystem with biting rate seasonality
to refine the sensitivity analysis. Additionally, we will incorporate evolutionary game theory
into our study, as it presents an interesting approach to further investigate the evolution-
ary dynamics of P. vivar malaria. Different seasonality models such as the two peak model
outlined by White et al. [26] need to be considered as well.
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8 Appendix

8.1 Mosquito Model Re-scale (3)

df
Taking the derivative of both sides with respect to time, substituting the expression for d_:fn

from (3), and simplifying yields

z2=1, -M*

dz dI dM
&y |l |-

T {dt]+ { dt}

a1 Uy (2 U\ Ay dM
- {Sm (“¢1N<t>+“¢2zv<t>+“¢3N<t>> (”m} VAT

]m m
Note that z can be substituted for i and (1 — z) for i because of how we defined z and
because M = S,, + 1,,.

M
M

dz

=0 )(ml ()+a¢2 + ags (t))—éz—z

(t)
. dMm L . .
where M represents T To maintain a roughly constant mosquito-to-human ratio (param-

eter ¢), we assume that M is constant. Implementing this assumption yields

dz
E ( ) (aqbl ( ) + &¢2 ( ) + CL¢3 (t)) — (SZ

As such, our model can be expressed in the following equations.

du;

dli = P,Nb(N) — mu; — ab;czu; + v;v;

dv;

dt = ab;czv; — mu; — Yv; — Q,U; (33)

dz
7 = (1= (oo +asgy +aongyis ) o

dz; dy;
A similar process can be used to derive the equations for d_tl and % starting with the

relations z; = N and y; = N This results in the following fractional expressions of (3).
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