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© Abstract

In this work we study an age-structured epidemic model with a chronic state for Cy-
tomegalovirus. We divide the population in three groups: susceptible, infectious and
* chronic, where the chronic state is structured by the amount of time spent in that state.
- It is assumed that susceptible individuals can be infected by infectious and by chronic.
Infectious individuals may recover or become chronic. We study the stability -of the:
model around the disease-free equilibrium and interpret it in terms of the parameters
associated with the model’s basic reproductive number. :

1 Introduction

The purpose of this paper is to study the role that the presence of a chronic stage may have
- on disease persistence and epidemiology. There is a wide spectrum of diseases that show such
stage during their development. We take as case study the Cytomegalovirus infection. ‘Cy-
tomegalovirus is a virus member of the herpes family that includes the Epstein-Barr, herpes
simplex, and varicella-zoster viruses. Individuals infected with these viruses are highly infec-
tious for a variable period of time which could be months or even years. Infected individuals
eventually become latent with the possibility. of periodic reactivation later in life (Jordan
Jordan, Stevens and Miller, 1984).

Cytomegalovirus (CMV) affects mainly pregnant women, who can transmit the disease to
newborns. Most babies infected with CMV present no symptoms; however, 10 to 20 percent
of the cases there is damage to hearlng, mental ability, neuromuscular function, or vision
because of damage during gestation or through the development of late sequelae in chlldhood
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{Berge, 1989; Nankervis, Kumar, Cox and Gold, 1984; Pass, Little, Stagno et al, 1987; Preece,
Blount, Glover et al, 1983; Stagno, Pass, Cloud et al, 1986; Stagno, Pass, Dworky and Alford,
1982; Stagno and Whitley, 1985). The likelihood of pregnant women of becoming infected with
CMYV is highly correlated with socioeconomic status, age, birth place, number of children, and
sexual activity (Chandler, Alexander and Holmes, 1985) Although the sources of infection are
not clearly understood, there is strong evidence that the disease is transmitted to a significant
proportion of children in day care centers (Pass, 1985; Pass, August, Dworsky and Reynolds,
1987; Pass, Little, Stagno et al, 1987) where infants between one and three years of age have
direct contact with each other. Respiratory transmission does not seem to play an important
role in transmission although the virus can persist on surfaces for hours making its transfer
the virus through saliva in hands or toys Faix, 1985).

Perinatal and day care center transmission are the most likely sources of infection. Another
sources are through blood transfusion, organ transplants, and sexual activity, albeit these last
three sources seem to be less critical in the spread of the virus.

The asymptomatic characteristics of CMYV infection make it, difficult to visualize the role of
the chronic state on disease persistance. It is estimated that 50-100% of women in both devel-
oped and developing countries (Pass, 1985) are seropositive when they reach childbearing age,
and many may develop recurrent infections during pregnancy. In developing countries, 85-95%
of children are seropositive, while only 5-30% are seropositive in developed countries (Pass,
1985). Differences are attributed to nutrition levels, driven by culture and/or socioeconomic
status (Chandler, Alexander and Holmes, 1985; Pass, 1985).

As for the modelling approach, we decided to stratify chronically infected individuals
by age of infection. We assume that suceptible individuals may suffer a primary infection
(characterized by high infectivity) from which they cannot recover. Instead they can be
transferred either passively or by contact with another infectious individual to the chronic
stage. Within this stage individuals possess lower infectivity than the one they have in the
acute (primary) infection. Chronic individuals may relapse into the acute infection stage
_several times.

“ Qur model is based on, although differs substantially from, the model analyzed by Thieme
and Castillo-Chéavez (1989) We incorporate variable infectivity through the age of the chronic
infectibn and, moreover, chronically infected individuals are the only compartment that is
stratified by age. Our contact rates are of the simplest form of proportionate mixing.

This paper is organized in the following way. Tn Section 2 we present ‘the model to be
studied, and study the asymptotm behavmr of the population including the dlsease free equi-
hbrlum The chr()mc State is assumed to be age—structured by ’rhe amount Of time that an



individual has spent in that state. In Section 3 we analyze the non-structured version of our
model. We calculate its basic reproductive number and show that an endemic point exists
when the disease-free equilibrium is unstable. In Section 4 we analyze the stability properties
of the age-structured model near the disease-free equilibrium and show the existence of an
‘endemic point. Finally, in Section 5 we present the concluslons and discuss topics for future
research.

2 The model

‘We consider the following age structured model. Suppose we divide the target human popula-
tion into three classes: susceptible, (acute) infectious, and (subacute) chronic. We assume the
chronic state to be structured by the amount of time spent in this state, 7, the age of infection.
Both infectious and chronic individuals may infect susceptible individuals. The infectivity of
infectious upon susceptible individuals is proportional to the product of the number of infec-
tious and the proportion of susceptibles in the population, with constant transmission rate 3.
The infectivity of chronic individuals on susceptibles is assumed to be dependent on 7, propor-
tional to the product of the proportion of susceptibles in the population, and to the integral of
" density of chronic weighted by the transmission rate £ (7), where we agsume £ (1) < f for all
“7. These contact rates have been widely studied and are the simplest that one can assume (see
for example Castillo-Chavez, Velasco-Hernandez and Fridman (1994) for a review). We also
assume that, once being infected by a chronic individual, there is a probability ¢ of becoming
a chronic and a complimentary probability (1 — ¢) of becoming an infectious.. An infectious
individual may become chronic at a constant rate ¢, while a chronic may become infectious
at the age-dependent rate #(7). If we consider constant recruitment rate A and constant per
capita death rate p. Then we have the following system of equations:

A pSE S [T aelr - )
% ﬂoS—m(#+¢f+f Jelr, t)dr +
(1_ q)ﬁfo 61(7'20'(.7',. Hdr ' o .' _ '. . (2)
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with initial-boundary conditions

c(0,t) = (,oI«iwq% /000 Bu(r)e(r, t)dr

e(r,0) = ¢(r)
S0 = 8,,I(0)=I.

Here, the total population is given by N = 5+ I 4+ C, where
00
m@=/c@ﬂw
Jo

Integrating equations (3) and (4) over 7 we get

dC 00
s =l +qN/ Bi(7 ('r,f)d'r—'/O 8(7)e(r, t)dr — uC,

and hence the total population is governed by

dN
— A —

s ,uN

Therefore A A
oA (——Ng)

oo\ p

and the population is asymptotically constant with limit
| A
lim N(t) = —.
t—oo H

The disease-free stationary solution of the system (1-4) is therefore given by

s=2r1_c-o
o

(12)

We do not show in this paper proofs of existence and uniqueness of solutions of model (1-6).
However, these properties can be guaranteed by routine application of results in Webb (1985).

In the following sections we study the asymptotic dynamics around the equilibrium (12).
We give conditions of stability and prove the existence of an endemic state when the disease-

free equilibrium is unstable.



3 _’I‘he,case when 0 and $1 are independent of age

Here, we analyze the System (1-6) for the case when 6, §; are constants independent of 7.
Integrating equation (3) over 7 leads to the 3-dimensional system

s 8 S

T A —ﬁbﬁf _ﬁlﬁc“’ﬁs (13)
dl S S .

7 = Pogl+ (- a0bigC = (nt+ @) +6C (14)
dC S

e '-?515704'901“—(#'*9)0 _ | (15

Linearizing the system (13-15) around the disease-free equilibrium, equation(12}, gives- '

X = BX, | 4 (16)
where X = (S A C)T and |
' A —H Bo B : ‘ : B
B=| 0 Bo=(u+e) 6+1-qp |. ' (17)
0 @ 4B — (u+ ) o

The basic reproductive number is the spectral radius of the next-generation operator (Diek-
man, Hesterbeek and Metz, 1990) of (13-15) and is given by

1 1 >y 0 (1-gp
RO_E(RI+RO)+\J(§(RI—RC)) +M+‘P(M+9+ ’UJ+91), (18)

where Ry and Rg, :
Fo and Reo = "g—&—,

pt+e p+8

can be interpreted as the basic reproductive numbers of the infectious and chronic states.
The second term inside the square root is the product of the expected number of chronics
- produced by an infectious individual times the expected number of infectious produced by a
chronic individual during their respective time of infectivity. |

Ry =

Proposition 3.1 If Ry > 1 then there is a unique endemic solution to (13-15).



Proof: Assume Ry > 1. Setting equations (14-15) equal to Zero, together with the ‘éciﬁatioh
for the total population, give rise to the system of equations:

—(p+@)1=sR)i+ (0 +(1—-g)bs)c = 0, - (19)
@i — (p+8)(1—sRo)e = 0, | (20)
i+c = 1—s, (21)
where
5= 5 1= L c= 9
N’ N’ N

The homogeneous linear system (19-20) has positive solutions for %, ¢ if and only if its deter-
minant

F(s)=(p+@)(p+0)(1—sR)(1-sRo)—¢(f+ (1 —q)brs) (22)
is zero for some s* with
1 0<s* <min{l,1/R;,1/Rc}. (23)
Since
' F0) = (u+ @} p+8)— b >0,
F(1/Rr) = —ol0+ (1 - q)b/Rr) <0,
and

F(1/Rc) = —p(8 + (1 - )61/ Ro) < 0,

together with the fact that F is a strictly decreasing function in (0, min{1l/R;,1/Rc}), we
have a unique solution s* with

0 < s* <min{l/Ry,1/Rc}.

We observe that Ry < 1 if and only if

RI << 1, Rc < .1 (24)
and ; 1—a)p R
o it ) <a-mou =R @)

If both 1/R; and 1/R¢ are greater than 1 (since Ry > 1) we have the reverse inequality
in (25). Since : ‘ .

F(l)=(p+e)(p+0)(1 - R){(1 - Rc) — @+ (1 —q)f1) <0,
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there is a solution s* satisfying (23). From this solution s* it follows that

0+ (1—q)fs* + (u+ @)(1 — s*Ryr)’
& o — (1- 3*)99 ' : (27)

o+ (e+8)(1~s*Rg)’

is the solution for (19-21). Therefore, a unique endemic point exists whenever Ry > 1. qEp

4 Age-dependent rates (1(7),0(7).

The case when §i(7),0(7) depend on the chronic age 7 leads to similar results albeit the
analysis is different. To find the conditions for stability around the disease-free equilibrium,
we first linearize the system (1-6) around the point {A/u,0,0). The linearization is given by

B oyl [ Bielrnar, | 29
O = (o=t oI+ [T 00) + (1~ (el O (29)
(3+ 3¢ ) = —atr) = (r)e(r ), (30)
with the initial-boundary conditions
¢(0,¢) = oI +¢ fo ” By (r)e(r, D)dr, (31j
SO =5010) = bclr O =al). @)

Ihtegrating equation (30) along characteristics gives

o colr — OM(r—t,7) ift< 7 |
o(r.t) - { (B(t Z'1_‘()1'I(*r). ) fr<t (33)

where

B(t)_;-c('d,'t)' B
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and II(a, b) is the sutvival probability function in the chronic state from chronic age 7 == a to
7 = b, explicitly
b
TI(a,b) = e~ Ja (4H0(Nds (35)

and II(7) = II{0,7). Substituting (33) in the boundary condition (31) leads to the integral
equation

B(t) = I + q/: By(T)I(r)B(t — m)dr + q/too By(T)I(T — t, T)eo(r — £)dr (36)

Thus we have reduced our system to a set of coupled linear integro-differential equations

e = e+ BB —Tdr + K() (37)
B = ¢l+a 1B = Ddr + F(t) (38)
‘where

&= fo— (et @), (39)
k(r) = (8(7) + (1 = q)Bu(r))II(7), - (40)
f0) = B, | | T
K@) = [ 00+~ QB -t el = dr, (42)
Ft) = q./;ooﬂl(T)H(T——t,'r)c(;(r—t)dT. (43)

We can now apply the Laplace transform to equations (37-38) (see e.g Pipkin, 1991) leading
to

pip)—Io = &1(p)+k(p)B(p) + K(p) (44)

B(p) = ¢l(p)+4qf(p)B(p) + F(p) (45)

where the symbol ”"” means Laplace transform. Rearranging ﬁterms in (44-45) we obtain the
equivalent 2-dimensional linear system of equations in { and B

€ -p)Ip) +k@)BE) = —L- K@), (46)

wl(p)+(gf(p) — DB = —F(p) (47)

“Therefore the characteristic equation is given by : ,

k(p) — (€ —p)(af(p) - 1) =0 (48)
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which is equivalent to the equation
2y, Ph(p)
af(p) + = 1. (49)

Theorem 4.1 The characteristic equation ({9) has a unique real solution p* in the interval
(£, 00). Moreover, p* is the dominant eigenvalue of the system (37-38).

Proof: Let
wk(p
F(p) = qf (p) + —(E)
It is niot hard to see that when restricted to the real interval (§,00), F is a real valued strictly
decreasing function with lim, .- F(p) = oo and lim, .., F(p) = 0. Hence the equation

F(p) == 1 has a unique solution p* in (£, c0).

" Now suppose p = X + iw is a complex solution to the equation
P t+iwy=1, © L (50)
with A € (S, oo)-. The real part of (50) gives the equation . -

- q/ M (1) coswrdr +

)‘ oo
(T}gf-‘l—i)ﬁf() e k(T) [cosw*r—- /\u_)gsinw’r dr, (51)
whéré the function | W L
COS WT — 3 _gsinw'r
is bounded by -
| V- +w?
LoA=E
Hence
p(A—&) [* _» ]"" e~ k(1)
A ST I dr <
D 5)2—!_—w2 | (*r)cosw*r T gsmw?‘ T < \/)\_W

< )\——6/0 e~ k(7)dr. _ (52) |




From (51) and (52) we arrive at the relation
F(p") < F(A). (33)
Sihée F is decreasing in (£,00) then A < p*. Theréfore p* is the dominant eigenvalue of

(37-38). qmn

We conclude that the conditions for stability are £ < 0 and p* < 0, that is, that

Ry <1 (54)
and
. | F(0) <1, | (55)
x.wvherel F(0) is given by
_ ¥ ® '
FO)=Fot fmmsps |, 00+ 0= af@N@ar, (50

where R is the basic reprod.ﬁctive number of the chronic state,
Ro=g [ A(rT(r)dr | (57)
After some algebra we verify that conditions (54-55) are equivalent to the condition
Ry<1 (58)

where Ry is the basic reproductive number of the system and is given, after appliying the
method of Diekman, Hesterbeek and Metz (1990}, by

Ro = 5(Ri+ Ro) + J(%(RI - Ro)) 2*;%@ [T O +1-gpr )T, (59)

the same expression obtained in Section 3 for Ry. In the next theorem we prove the existence
of an endemic solution. :

Theorem 4.2 If .RO > 1 then an endemic solution exists.
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- -Proof: Assume Ry > 1. The equations for the endemic solution are given by

()1~ sROT+ [TO0) + (L - Belr)dr =0 (50
&+ Oelr) (61)
c(O) = ] + qs foo Br(m)e(r)dr L - (62)
I+ / N(-s) (63)
where
_ S
5 == ﬁ;

From equation (61) we obtain
e(t) = ¢(0)II(7). (64)

Now, integrating (61), together with (62), we get the equation

wl +qs fom Bi(r)e(r)dr - fow'(,u, + 8(7))e(7)dr. . (65)

S'ubstituting'(ﬁél) in (60), (65) and (63) we obtain the system .

(pwxz—sRIH [T )4 sl QB NI(Ddre®) = 0 (66)
| C pl-(-sRe)(0) = 0 (67)
1+ ¢(0) l/g'm I(r)dr = N(1 - s), | (68)

[+ oy =1

Similarly as in .the,proof of .Prop_os_ition 3.1, it is easily estarblished‘fhat the detérminant. of
~ the homogeneous linear system for I, ¢(0) (67—68)

F(s)= (u+¢)(1 = sRi)(1 ~ sRe) — ¢ / ) +s(l— QAI(dar
1s ZEero for some s* sa,tlsfymg

0<s” <m111{1 1/RI, I/RC}
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Hence we have positive solutions for I ,¢(0) for (66-68), which are given by

. N(1—8) [°(0(r) + 5°(1 — @) (r))E(r)dr )
00 + (L= QB (O + (it @)1 — 57 Br) oo Ti(r)dr
and
(0) = —r L =)0 (70)

T o [P l(r)dr + (1 — s*Re)’
Finally, from (64) and (70) we have

C*(T) _ N(l - ‘5*)(:01_[(7-)
o 5 I(r)dr + (1 — s*Rg)

We have then proved the existence of an endemic solution. q.e.p

5 Discussion

The main purpose of the present paper has been to explore the role that subacute chronic
stages play in the dynamics of an infectous disease. Our case study is the cytomegalovirus
infection. This first model is a rough caricature of this disease but it has helped us to un-
derstand the basic role that an age-structured chronic stage has in a disease with two types
of infections (acute and subacute). We have seen that the interaction between the infectious
‘and chronic groups has a very important role in the dynamics around the disease-free equi-
librium. The square root on the expression (59) for the basic reproductive number describes
this interaction. We can see that the term

(2R~ Ro)) 72)

can be interpreted as competition for susceptibles by the infectious and chronic groups. Note
that if the second term inside the square root of (59) is zero, then Ry is given by

Ro = max{Ry, Rc}, (73)

and since the chronic individuals are less infectious than the acutely infectious group, then
we see that in this case the infectious group leads the local dynamics around (N*,0,0). Thus
in particular, the asymptotic dynamics of the disease is not affected by the presence of age of
infection when passive transit from_the'acute to the subacute stage (represented by ¢) is not
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significant (ie., ¢ = 0). However, this condition just mentioned is only one possible reason.
We proceed now to provide a more ample interpretation.

'While the first term inside the square root represents competition, the second terrt;_,

- 7))+ (1 — TWIT)dr 74

,u+cpo(()( q)B1(r))Ik(7)dr, (19
represents coexistence between the two groups, in the sense that it describes how each infection
group produces individuals that recruit into the other group. Note that in the case when
R; = Rg, it is this second term the one tha,t determmes which one of the groups takes the
leading role in the dynamics.

One particular important result is that the asymptotic dynamics for the age-structured and
the non-structured models are essentially the same, both around the disease-free equilibrium
and in the conditions for existence and number of endemic points; even the expressions for the
endemic points are the same. This tells us that age-structure imposed on the chronic state only
does not provide any critical changes in the dynamics of the system (compared with its ODE
counterpart), which in turn implies the necessity of the inclusion of another compartment in

“the system in order to comprehend more clearly the effects of secondary infections and relapse-
recovery dynamics. In summary, the results obtained here show that the chronic state simply
behaves as another unstructured infectious state, with different transmission rates, and does
not give any information on how the recovered group participates in the dynamms specially
during the relapse-recovery phases.

Furthermore, since we know from our analysis that structuring the chonic stage by age
does not affect the dynamics near the disease-free equilibrium (and therefore infectivity and
relapse of chronic individuals are independent of the chronic age), we can expect then that
treatment of chronic individuals must be independent of how long the individual has been
chronically infected (cf. Hadeler and Miiler, (1993a,b)).

In future research, we need to produce a model that sufficiently differentiates between
chronic individuals (not infectious) and secondary infections. Moreover, it is not enough just
to include a fourth state to the system (secondary infections)if we want to. have a realistic
model for the epidemiology of CMV, since secondary infections are present only in adult
women, and not in children. Thus we have to construct a model which separates adults from
infants in the dynamics of the epidemic. We are continuing our research in this direction.
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