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: Abstract

Whether researchers favor the physiological or psychological approach, the agreement remains,
Alzheimer’s disease (AD), is the enemy of consciousness, especially that of elders. Intense research
has been done, yet, scientists have not discovered a successful method to prevent AD’s inevitable
neurodegenerative progression. However, recent research discovered that rats have acquired certain
AD symptoms upon the injection of Amyloid-beta-42 (AfB42) protein. While Amyloid beta protein
has always been a theory to Alzheimer’s cause, researchers were unable to distinguish whether this
protein is a cause or a symptom until this discovery. With this result, our research suggests that
A4 is one of the puzzling reasons for AD. Particularly, the input and output around A2 will be
the basis of this mathematical modeling approach. For our purposes, the modeling proposal follows
a continuous cycle observed solely through AD patients. Building on the work of Reed et al. (2002),
our aim is to describe the fundamental aspects of this common cycle among Alzheimer’s patients
and then propose a qualitative initiation of AD. With an emphasis on the dynamics of methionine
and homocysteine in Reed’s Methionine Cycle, we monitor the qualitative decrease of Afs2 level to
determine the progression of AD.

A Introduction

When Alois Alzheimer discovered this disease a century ago in 1907, Alzheimer’s disease (AD) immediately
became the prevalent fear for elders. According to a 2008 National Center for Statistics survey, AD is the
seventh leading source of death in the United States, causing 71,559 deaths each year [31]. In perspective with
other leading causes of death such as heart failure or cancer, AD is one of only two diseases (Parkinson’s being
the other) to show an incline, demonstrating the society’s vulnerability to prevent, let alone cure, the disease
[31]. In fact, this deadly type of dementia is neither proven infectious nor genetic, and the only visible trend is
the number of incidences rises as people age with the favorable initial onset at age 65, based on a few exceptions
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From the simplest anatomical description, AD starts with initial damage to nerve cells in the entorhinal cor-
tex and eventually ends with the obliteration of the hippocampus, all of which occurs in brain’s temporal lobe, a
region crucial to cognitive functions [26]. In relations to AD’s severity, the amount and distribution of neurofib-
rillary tangles (protein aggregates found within neurons) within the cerebral cortex, dictates the intensity of
symptoms. According to the Alzheimer Association, the disease is divided into seven stages, with a progressive
pattern of cognitive and functional impairment expressed during each stage: (I) No impairment (pre-diagnosis),
(II) Very mild decline, (III) Mild decline, (IV) Moderate decline (mild or early stage), (V) Moderate severe
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decline (moderate or mid-stage), (VI) Severe decline (moderately severe or mid-stage) and (VII) Very severe
decline (severe or late stage) [1]. People in the early stages of AD may experience lapses and word confusion.
As the disease progresses, patients will experience memory loss, personality changes, daily life disabilities, and
eventually death. People with AD die after an average of four to six years after diagnosis; however, the disease
can last from three to twenty years [1]. For the purpose of this work, we simplified the disease into only three
stages: mild, moderate, and severe.

Biologically, recent research from Harvard Medical School demonstrates that a particular form of Amyloid
beta(AB) protein plays a fundamental role in AD [12]. AS is a peptide of 39 to 43 chain of amino acids, with
Af4o and APsz as the most common forms [22]. Generally, the protein arises from enzymatic cleavage of a
larger amino acid precursor protein (APP), processing both amyloidogenic (A8) and non-amyloidogenic prod-
ucts. In contrast to the normal a-secretase cleavage into the less accumulative (likely to polymerize) AB40, AD
patients suffer from the 3-secretase and -y-secretase cleavage respectively, becoming the infamously toxic ABs2 [4].

The cognitive degradation process links directly to the deficiency in Bg, By, and Big, which are vitamins
essential to the functioning of the Methionine Cycle [35]. This cycle (enclosed box of Figure 1) encompasses
three important physiological functions in normal individuals: regulation of Met and cysteine for protein syn-
thesis, proper DNA and cell growth, and transfer of methyl groups to a broad variety of substrates. The process
starts with the introduction of methionine (Met) input (Metin). Methionine is an essential amino acid utilized
in protein formation, meaning that it cannot be synthesized by the body, it has to be ingested [33]. As the
cycle begins in a normal individual, Met is converted via the enzyme methionine adenosyltransferase (MAT) to
S-adenosylmethionine (AdoMet), the most important methyl donor in the body. Next, the donation of a methyl
group by AdoMet converts it into S-adenosylhomocysteine (AdoHcy). AdoHcy produces Adenosine and H20O in
a reversible reaction to form Hcy, whose concentration in the brain plays a fundamental role in AD development.
Finally, Hcy either undergoes re-methylation to transform back into Met or leaves the cycle as cystathionine, an
intermediate in the synthesis of the non-essential amino-acid cysteine. However, this cycle is significantly altered
in AD patients, leading to abnormal accumulation of Hey in the system by reducing the re-methylation rate
from Hey to Met [29]. Research explains that upon the alteration of this cycle, Met oxidizes and binds to Af42,
which increases the protein’s toxicity and promotes a more toxic fusion, Met(O)ABs2 [9, 23]. As the toxicity
level rises, the brain no longer removes the substance, resulting in polymerization that blocks synaptic activity

-among neurons [11]. Additionally, studies discovered that AD patients have high levels of Hcy in the brain,
which correlates with AD and vascular dementia in elderly affected subjects [28]. While discrepancies exist
between whether the oxidation of Met increases or decreases the level of Af42, for the purpose of our research,
we assume Met oxidation will decrease the overall level of AfBs2 by means of chemical reactions forming a new
compound Met(O)AfB42 (see Figure 3) that will require Met, ABs2 and oxygen [18].

With assistance from the mathematical derivations of the Methionine Cycle [35] and the accumulation of
A4z [10], this research strives to connect the missing link of two independent systems and create a cycle that
occurs in all AD patients. Consequently, we propose a compartmental model with five equations. Particularly,
we introduce the compartment, Afs2, to complement Reed’s four equations of Met, Hcy, AdoMet, and AdoHcy.

This paper is organized in the following manner: Section B follows from our first assumption, which states a
direct connection between the levels of AfB42 and Hcy concentrations. Section C focuses on the relation between
Hcy and Met as a function of AfBs2 concentration. This relation is portrayed as the principal characteristic
dictating the behavior of the disease: increasing concentrations of Hcy and its accumulation in the system.
Diagrams, equations, variables and constants related with our model are also described in this section. Section
D follows the parameter estimation and discusses the analysis of our simulations. In section E we summarize
the results of our studies.

B AD cycle model with an assumed closed loop between Af[,
and Hcy

The following diagram signifies our original proposal with an explicit feedback rate that loops ABs2 back to
the Methionine Cycle through Hcy. This case represents a forced biological assumption, where p2 is a constant
rate that relates Afs2 and Hey. In this proposal, the term in our equation that represented this relationship
was =+ 2 AB42. However, during simulations of this proposal, we noticed no significant changes occurred in the
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Methionine Cycle while uz only altered the decay rate of Afs2 level. Thus, we eliminated u2 as a parameter
| and improved this relationship in our model by the introduction of the ABs2 dependant function p (Figure D.1).
i The following discussion describes the study of us in the cycle. Although ruled out, this process will gives us
insight into determining the right model.
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Former Alzheimer’s cycle with the trivial assumed closed loop connection between AB,;s and Hcy regulated by the
explicit feedback rate pa.

The following equations: (93) and (95) were modified (upon the deletion of u2) from the original system
described in Figure B. This gave rise to our current model equations (98) through (100), Figure C.1, and the
necessity of the function p to relate (98) and (100).

d[ABaz]

Ta APPag,, — a|Met][ABuz] — p1[ABaz] — p2|ABua) (93)
d[]:iiet] = pVus +pVeumr + Metin — a[Met][APs2] — Varars — Vmariir (04)
d[];cy] = Vag —Vess — Vs — VeamT + p2[Afss] (%5)
d[i‘i%f\@l = Vmarr+Vuarnr —Venur — Vuers (96)
%}M = Venmr + VMmers — Van. o7

Upon finding APP 4842, 11, the normal and AD thresholds, we recognized that the magnitude difference
of these parameters and that of the other four graphs are approximately 10° or 10° apart. Therefore, we first
converted all of the components in Afs2 by a fitting factor of 5x10°. We studied the graph of ABs2 independently
and observed the behavior as o and u2 vary. See Figure B.

With the expected result, we wanted to see how this graph affects the other four compartments in our system,
particularly Met and Hcy.

Figures B and B, at o and p2 both zero, represent the behavior of normal individuals. Figure B accounts for
the fluctuation of varied Metin and 5mTHF while Figure B considers solely fixed constants. Either case serves
the purpose of presenting the normal behavior (a control group).

For simplicity, we will only consider Metin and 5SmTHF as constants during the rest of our simulations.

In this simulation (Figure B), we set «=0.2 and p2=0.2 [1/h]. Simulations for x2=0.02, and 0.002 (Figures 0
G.2 and G.2) can be found in the Appendix G.2. While the rate of decay changes in the ABs2 dynamics, no 0
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Simulation of the Control (Metin & SmTHF not constant)
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System for healthy individuals (with varied Metin and 5mTHF) a=0 and puo=0. The first plot is a general
representation of the expected AfBs2 behavior. The other four plots are replicated from Reed’s model of a normal
' individual when Metin and 5mTHF are not fixed.
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System for healthy individuals (with constant Metin and 5mTHF): Similar to Figure B, the first plot represents a
general AfB4 behavior for normal individuals {a=0 and pp=0). Although different in appearance, the other four
graphs still represent the methionine cycle for normal individuals, but with Metin and 5mTHF as constants.
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Time series simulations with a=0.2, ps=0.2

significant changes occurred in the other four graphs. This contradicts our hypothesis that when «=0.2, Met
has substantial connection to AfB4,.

In order to determine the values of us for which there is a direct effect on the five-compartmental model we
simulate the behavior for & = 1 and pp = 0.002,0.02, and 0.2 (Appendix G.2, Figures G.2, G.2, and G.2). We
observed, even with a faster decay of A4z, the other compartments in our cycle remained the same. With this
result, we concluded that uz may not represent the feedback we had expected.

Biologically, this is merely an assumption based on a chain of events. Therefore, we decided to abort the us
connection.

C AD cycle with A3y effect in the interaction of Hcy and Met

C.1 Model Descriptions

As APP gets cleaved by 3 and + secretases sequentially, we have a production of AfBs2 peptide at a rate of
APPyg,, with a natural degradation at rate u; from the body. While the Methionine Cycle regulates the levels
of Hey, some studies suggest that Alzheimer’s brains show increased levels of Hey [29], implying the disruption
of the Methionine Cycle, hindering the re-methylation and transsulfuration of Hey and causing an accumulation

within the brain [29]. When this cycle is damaged, the re-methylation from Hcy to Met discontinues, causing

a decrease in Met concentrations. Meanwhile, Met residues oxidize into methionine sulfoxide (Met(O)), which
binds to Afz see Figure C.1. Since compartments, Met and A4z, must both contribute in the formation of a
new compound [Met(O)Afs2} at an affinity coefficient of o, ABs2 level is believed to decrease. The mechanism
of this reaction follows the laws of mass action. Our hypothesis assumes a connection from the Methionine Cycle
to a new compartment, A2, to study AD progression. Our model expands from Reed’s model to propose the
following Alzheimer’s Cycle (Flgure C.1).
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Representation of methionine and Af4o reaction, previously simplified in our general model (Figure C.1). The
rates controlling the individual reactions are “a” for the ongoing reaction of Afs binding to methionine
sulfoxide, “b” the rate at which methionine oxidizes. These two terms can be described by alpha, an affinity
constant that governs the mass action reactions to represent the total output of the new substance a[Met}[AfB42].
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C.2 Equation Descriptions

In our model we introduce AB4s to Reed’s 4-dimensional system since there is scientific evidence that A9 is
relate to Alzheimer’s disease. With this addition, we observe the behavior of Reed’s equations (particularly Met
and Hcy) when the brain’s ABs2 concentration level decreases. Tables 1 through 2 give detailed descriptions of
all terms (variables and constant values) introduced in the model equations and the properties related with such
terms as well as the source of reference. A detailed description of all the terms as found in Reed’s paper as well
as a table (table (3)) showing specific parameter values, units, values and references for those terms specifically
are given in section G.1 located in the Appendix.

%654_2] = APPag,, — a[Met][ABs2] — u1[ABs2] (98)
d[]gtet] = pVms +pVermr + Metin ~ a[Met][ABs2] — Vmarr — Vmarinn (99)
Ei_[lz_tcy_l = Vaw —Vcps —pVus — pVeamT (100)
QM%M = Vmarr + Vuarnr — Vanur — Vuers (101)
i[é%ot_H__Cy] = Venmr + Vuery — Van. (102)

Equation (98) describes the behavior of ABs2 level. The first term, APPyg,,, is not to be confused as the
level of Amyloid Precursor Protein (APP); instead, APP4g,, represents the level of Af42 production from APP
only. The term, -a[Met][AfBs2] corresponds to equation (98) and describes the outgoing flow of Afs2 once it
binds with Met(O) as [Met(O)AB42]. It is conveniently described by the laws of mass action as o[Met][Afs2]
where « represents the affinity constant between the AB42 and Met(O) binding. Furthermore, the term 3 [ASs2]
is the natural degradation of [AfB42], where u is a fixed constant in our study.

Equation (99) models the change in concentration of Met with respect to time. A new term, a[Met][ABs2],
is introduced in addition to Reed’s equation. The mechanics of this reaction are the same as the ones described
in the previous paragraph. This is due to the fact that the outflow of o[Met][ABs2] (negative sign) is the same
for both substances (mass action). Figure C.1 depicts the specifics of this reaction. It is important to note that
the term “Metin” is described by Reed as metionine input; while he gave several value this term, we will give it
a fixed value of 200 M.

Equation (100) models the change in levels of homocysteine with respect to time. Equation 100, is slightly
altered from the original expression in Reed’s model since we are taking into account a new element in the
cycle, ABs2. The p (Figure D.1) in both equation (99) and (100) is a function of Afs2. In essence, when A4
level is at 87.5uM (1.75x10™* times the scaling factor 5 x 10°) to account for the magnitude difference between
these quantities, the condition for normal individuals [18], p equals 1; this implies that the connection between
Hcy and Met is successfully operating. However, when Af42 level decreases to the AD threshold, 43.35 pM
(8.67x107° times 5x10%), p approaches 0 and the re-methylation of Hcy is no longer effective. Between these
two conditions, p is modeled by a function dependent on concentrations of AB42 (See equation 103). We used a
conversion factor (5 x 10°) to have comparable magnitudes in our calculations. Since the magnitudes for Reed’s
model metabolites (Hcy, Met, AdoMet and AdoHcy) range between 1 and 300, and since the main goal of our
investigation is to portray the qualitative aspects of AD development, it helps, for comparison purposes, to have
the AfB42 concentration in similar magnitude values.

Finally, equations (101) and (102) are exact replicates of Reed’s model of AdoMet and AdoHcy respectively.
‘While these equations remain identical, the behaviors may alter significantly since all of the equations in the
system are interrelated. Metabolites Hcy, Met, and peptide AfB42 will be analyzed in depth due to its connection
to AD resources and linkage with the neurological disease.
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Variable  Units Description
[Met] uM Methionine concentration
[ABs2] uM Amyloid-f 42 concentration
[Hey] M Homocysteine concentration

[AdoMet] uM S-adenosylmethionine concentration

|[AdoHcy] uM  S-adenosylhomocysteine concentration

Table 1: Time-dependent Variables

As stated before, the expressions in equations (99) through (102) displayed as V’s with different subscripts
are found in section G.1 located in the Appendix; these expressions show a high non-linear behavior, and show
every single constant and variable term on them. With the current descriptions of equations (99) through (102)
and their related terms, it becomes difficult to appreciate the interactions that the variables show in the system.
To facilitate and further understand the dynamics of our model we can simplify the V’s defined by Reed into
simpler functions in terms of variables by substituting all the parameter values in the V’s. We call this functions
F; for example, F1=Vuys, F2=VerumT, etc.

Then, our differential equations system is defines as:

dlA
——[—354—2] = APP— Ot[Aﬂ42][M€t] — W1 [Aﬂ42]
d[Met
—L&t—e—] = p(F1 + F2) + Metin — a[Afas][Met] — F3 — F}
d[H
% F7 — Fg — p(F1 + F2)
d[AdoMet
[+te] F3+ Fy — F5— Fg
d[AdoH
%y_l Pyt Fs— Fr
where
1.3 x 10°[Hey]
R o= 2t R
31+ 1510[Hcy]
[ 62.5(178 — [AdoMet] — [AdoH ey])[Hey]
S 12 + [Hey] '
o 561[Met)
® 7 [Met] + 0.82[AdoMet] + 41’
o 2.287 x 10*[Met]([Met] + 21.1)(1 + 5.7([_;%)2)
[Met)([Met] + 21.1)(1 + 5.7( zhomegosgs)?) +4.22 X 108
o 1.06 x 10°[AdoMet]*?
® 7 ([AdoMet]*3 + 25257 x 108)(1 + 5 |AdoHcy))’
o 411[AdoMet)
= [AdoMet] + (1 + 3[AdoHcy])’
F; = 100([AdoHcy] — 10[Hcy]),
Fs = (1.7]AdoMet] + 1.7[AdoHcy] — 30)[Hey].

We can now observe the role that the variables described in table 1 play in our system. We are now ready to
analyze the different aspects of a normal person and an AD patient by using our model with the right parameters
and the aid of computer simulations.
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D Analysis

D.1 Parameter Estimation
The term APP 44,,, as previously described, is the AfB42 production level. Research suggests this parameter

maintains constant regardless of AD’s severity. As a result, we found out this parameter from the initial condi-
tion and Af42’s natural degradation rate [18, 34].

The constant value o is the most complicated parameter in our system since it is the rate at which Met
oxidizes and binds with AfB42 (refer to Figure C.1 for details). Table 3 shows the parameters used throughout

this investigation.

Parameters Description Units Value References

APPap,, APz cleavage from APPS uM [time 66.75 [18],[34]
11 degradation rate of Afy2 time™* 0.763 [34]

« ‘methionine sulfoxide ABsz  1/(uM -time) 0.2 fitted
mass action constant

Table 2: Parameters for the Proposed Alzheimer’s Disease Model
§ Amyloid Precursor Protein

Mel(O)APs

Mt

mp“t ................. » AdoMet

APgy= 87 5pM . ’ _ ! Afp=43.35uM

.' Hcy ; > AdoHcy

Cystathionine

Function p defined as a function of AfB,;s concentration and its relationship with the Alzheimer’s cycle

We claim that the amount of Hcy converted to Met depends on the concentration of Afs2 in the brain,
since it is known that the concentration of Hcy is related to the severity of AD, which in turn depends on the
amount of ABs2 in the brain [18]. We can assume that there is a function p that can be described as an implicit
feedback into the Methionine Cycle (Figure D.1). While this function is not explicitly shown as the feedback
in our diagram (Figure C.1), it will actually depend on the level of ABs2. In other words, when ABs2 level
decreases from initial condition to AD threshold, p, is defined as follows:

APPyg,,
or([ABe]) = -5 i : (103)
pjﬁu +k ( u?ﬁﬂ _ [Aﬁ42})

The expression % comes from the fact that a normal person has a constant change of Af42 concen-
tration, thus its variable will equal to zero. Also, biologically for a normal methionine cycle, the oxidation of
methionine will be insignificant. This is the same as saying a=0. This can be verified in equation (98). After
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. APP,
the corresponding substitutions and rearrangements in equation (98), we end up with [Afs2]="—2842  Then,

B1
we can state that:

Pe([ABe]) = (w(/-)- [ABaz]) .

where

APP .
= % (level of AB4y concentration in a normal person).

The introduction of function p represents the chain of events that lead to AD according to our biological
assumptions. Damaged neurons from Met(O)ABs2 polymerization cause AD; in addition, studies discovered
that most types of dementia, especially AD, is related with a deficiency of vitamins Bg, Bg, and Bi2, which are
essential to the re-methylation of Hcy to Met (governed by function p). With this methylation process, Hcy
compiles and Met is no longer recycled. In conclusion, a decrease in the level of Af42 leads to a discontinuity of
Hcy-to-Met connection, which increases Hey level and decreases Met level [23, 29).

We have considered the direct connection between Hcy and Met as a function of Afs2, such that p is
bounded between 0 and 1. We set p = 1 for a normal person, where the AB42 threshold is approximately 87.5
uM, indicating a stable connection between Hcy and Met. With a decrease of AfBs2 below this threshold, we
assume the pre-clinical stages of AD have occurred. When the level reaches a concentration around 43.4 uM,
the threshold for clinical diagnosed AD, individuals are considered to be Alzheimer’s patients. At this point,
p is really small, suggesting no connection between the compartments and causing no clogging of Hcy in the
brain. Oxidation of Met residues, which cause increase of AB42 toxicity by binding with it (refer to Figure C.1),
will be minor for minor values of p.

po(p) =1 (105)

and

x (%%“’i) —— ( for k big enough. (106)
1

For expression (104) we define the following conditions:

e For a normal person the threshold of AB4, concentration is:
[ABaz) = 2524882 =, = 87.5,M (from the initial condition of ABss in (1)).

11
e The second threshold occurs at:

[Afia) = 252082 = o2 = 43.35uM

where /2 is the threshold concentration of A2 when AD starts to significantly impair cognitive abilities
of a person.

The region between the thresholds represents the onset of AD and is depicted in Figure D.1.
We finally get equation which represents the values that p will take as AfBs> changes:

, 87.5

Dk (Aﬁ42) = 87.5+ k (87.5 — [A,B42D .

(107)

D.2 Simulations

For this model we introduced the implicit feedback p (Figure D.1). With no previous studies on our parameter
«, we must first find a logical approximation before we gain more meaningful simulations. To find «, we fixed
all known values, varied « in a large range of reasonable numbers, and executed several simulations in loops
(Figure D.2).

In previous simulations, we noticed that AB42 reaches a steady state in the time interval from 10 to 20.
Consequently, we created a scatter plot of the steady states for ABs2 as o varies. From the graph (Figure D.2),
there appears a rapid decrease when « is between 0 and 0.1, which suggests that o is too small and the decay
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in ABs2 may reach steady state prior to the AD threshold. Furthermore, when o reaches 0.4, the steady states
of ApBaz is approaching a horizontal line, which suggests the decay occurs too rapidly and Af4 level reaches
steady state immediately and remains there. Figure D.2a and 1).2b each represent the extremes we omitted,
granting us a range of « to select.
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(a) AfBse Simulation for a small o (@=0.03): The decay never reaches the AD threshold, implying a value is too
small to give a correct representation of our model. (b) Afse Simulation for big « (a=1): The decay immediately
reaches the AD threshold, implying a value is too big to give a feasible representation of our model.
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PRE-DIAGNOSED AD

4 . MODERATE TO SEVEREAD

Qualitative Stages of AD: The thicker horizontal line at 87.5 represents the threshold of a healthy individual and
the thinner horizontal line at 43.35 represents the threshold for Alzheimer’s. As A2 level decreases in an AD
patient, the individual, according to the graph, will experience all the stages listed.

Upon careful consideration, we selected a reasonable value for « in between 0.0 and 0.2 to represent an ideal
AD behavior. In the above simulations as @=0.2 (Figure D.2), we observe the behavior of a typical AD patient.
A healthy individual’s ABs2 level should have an overall steady state at the horizontal line at 87.5 [uM] (control
threshold). The horizontal line at 43.35 [M] is the AD threshold, indicating a clinical diagnosis. The decay of
Ap42 reaches all three regions of the graph, showing the early, mild, and severe stages of AD. This is also shown
in the derivation of py in equations (103) through (107)and Figure D.1.
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Simulations of system with ideal parameters (varied Metin and 5mTHF).

After a study of the dynamics of AB4s in isolation, we now unite the 5 compartments to observe the in-
terrelated connection that may take place. For comparison purposes, Figure D.2 treats Metin and 5mTHF as
functions and illustrates the fluctuation of all 5 compartments. Particularly, we noticed the expected decay of
the levels of concentration of Af42 and Met, and a fast increase on the levels of Hcy. Thus there appears a slight
increment of the A4z levels during the time interval from 5 to 10, in which Met and Hcy levels decay before
reaching steady states. More importantly, the overall behaviors of our three compartments of focus confirmed
our prediction: Hcy level increases, Met level decreases, and Afs2 level decreases. When Metin and 5mTHF
are not constants, there appear fluctuations, demonstrating how each compartment absorbs the alterations of
supply (Metin, 5mTHF). However, the overall behavior in the long run appears to be accurate, which is our
focus. Since the fluctuation may cause some uncertainty, we set Metin and 5mTHF as constants in Figure D.2

to eliminate doubt.
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Simulation of the Control (Metin & SmTHF constant)
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Simulations of system with ideal parameters (constant Metin and 5mTHF): Unlike Figure D.2, this eliminates the
fluctuation, simplifying the analysis of the general behavior.

With Metin and 5SmTHF as constants, there are no confusing fluctuations; instead there appears only a
smooth curve. As Hey increases, Met decreases, which is biologically supported in AD patients. When individ-
uals lack vitamins, the connection between Hey and Met is no longer supportable, resulting in an accumulation
of Hcy and a stoppage in the recycling of Met. Furthermore, there is a smooth decay of the A8z concentrations,
which biologically is predicted as well. When the recycled Met is no longer feasible, an oxidation process occurs,
allowing the binding of more toxic product Met(O)AS42. In this process, both Met and Afs2 must contribute,
resulting in decays in the graphs of both concentrations.

We put our attention on the first three plots in Figure D.2, the main metabolites (ASs2, Met and Hcy)
analyzed in AD. For a better comparison between these metabolites, we plotted three other graphs (Figures
D.2a, D.2b and D.2¢), each of which compares two metabolites in the same plot.
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(a)Comparison between AB4s and Met: with AfB4s overlapping Met in the same frame, the effects of one on the
other is easily observed.(b)}Comparison between A, and Hey: with Afs, overlapping Hey in the same frame, the
contrasts of both graphs are made visible.(¢c)Comparison between Met and Hey: with Met overlapping Hey in the

same frame, the direct behavior of the two compartments are further explored.

A comparison between Af8,s and Met is illustrated in Figure D.2(a). In this graph, both Afss and Met show
similar decay rate and reaches steady state simultaneously, which is further evidence for the biological dynamics
of AD discussed in this paper.
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We compare A2 and Hey in Figure D.2(b). While both compartments reach a steady state simultaneously,
there is clear dissimilarity between the behaviors, where AfB42 decreases as Hey increases. Again, this is the
biological prediction, which validates our model accurately monitors the behavior of AD.

Met and Hcy are depicted in Figure D.2(c). The decrease, increase, and detailed fluctuations are reflected.
As Hey increases due to its inability to recycle Met, Met decresses at the exact same proportion. All three
graphs demonstrated agreements between the biological observation and our mathematical model.
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(a) Phase plane showing the concentrations of Met vs. Af;2 in Alzheimer’s Disease, (b)Phase plane showing the
concentrations of Met vs. Hey in Alzheimer’s Disease (¢) Phase plane showing the concentrations of Afse vs. Hey
in Alzheimer’s Disease.

To further explore the relationship among these three compartments (AB42, Met, Hey) we simulated the
phase plane to see the behavior of one compartment as the result of another. A phase plane is represented in
Figure D.2(a), which provides a relationship between Afs> and Met. First, the phase plane graph starts at
initial condition (Apfs2,Met)=(87.5,53.5), and gives an almost linear decrease until approximately (42;15) uM
where the first entry represents the concentration of AB42 and the second the concentration of Met in the phase
plane. This behavior agrees with the one shown in the methionine-Alzheimer’s Disease cycle for a person with
AD: decreasing levels of A4, caused by its binding with Met (as depicted in Figure 3 AB42 actually binds to
Met(O)A B2 under the laws of mass action at a constant rate «) also showed a decrease of Met [18, 29]. For
lower levels of Afs (42 to 15), Met behaves unexpectedly; it actually increases. This, however, represents an
insignificant increase (about two units from 15 to 17) which represents only 2/38~0.053 uid of the total change
that Met underwent at the beginning. At (15;17) a steady state is finally reached.

The relationship between Met and Hcy concentrations in an A patient is shown in Figure D.2(b). This
phase plane shows how the concentrations of Met, decreases from an initial value of about 54 pad to about 25
M. This change is accompanied by an increment in the concentration of Hey. Hey increases from about 0.8 to
about 3.4 uM. However, it is important to note that the change from (54;7) to (11;1.5) uA is the one predicted
biologically. The behavior from (11;1.5) to (17;3.25) uM is insignificant in terms of Met concentration change.
Hcy, however, continued to rise. This fluctuation is present due to the complexity of the methionine cycle and
the interactions between all the four metabolites at all times. Again, a steady state is finally reached for Hey
and Met concentrations.

The phase plane represented in Figure D.2(c) depicts the behavior between the concentration of A4y and
Hey in an AD patient. Disregarding the scale used, the decrease of A4, is also accompanied by an almost
uniform decrease in Hcy concentration. By this we mean that the scale used did not influenced the effects we
predicted from the theory. Since the function p which dictates the concentration of Hcy in the system, depends
on the concentration of AfB42, Hey increases for low levels of AB4s. Again, little insignificant fluctuations are
present at the upper leftmost part of the figure before reaching a steady state.

E Conclusion

Jurrently, there is a big concern about the increase incidences of Alzheimer’s disease among the elderly
population. As the seventh leading cause of death in the United States, scientists are struggling to cure this
devastating disease. While there is no knowledge of the exact cause, there are various theories. Among these
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hypotheses on the cause of the disease, we directed our attention towards the concentrations of Afs; in AD
patients’ brains.

In this work, we built on Reed’s methionine cycle by introducing our compartment of focus, Afs2, in order to
study the qualitative behaviors of AD’s initiation and progression. Particularly, we designed a five-compartment
mathematical model to represent the relationship among the concentrations of specifically AS42, Hey, and Met.
We performed simulations to see the relationships between AB42 and the methionine cycle compartments. Since
previous studies show that AD patients suffer from high levels of Hey in their brain [29], we made a biological
assumption to suggest a direct connection between Afs2 and Hcy compartments (Figure C.1). With this as
our first proposal, behaviors of the compartments were simulated. As the values for o and u2 vary, only the
A4z concentration appeared to decay while there were no significant changes in the behavior of the methionine
cycle, opposing our biological findings. Thus we decided to modify our model by eliminating the explicitly direct
connection from Afss to Hey.

Through different methods, we were able to estimate all the parameters prior meaningful simulations. Upon
finding correct parameters, simulations showed the expected behavior corresponding to biological support—AD
patients have a decrease in AB42 level, a decrease in Met level, and an increase in Hey [18, 29].

Since none of our research on AD showed that previous studies took into account the interaction between the
methionine cycle and the concentrations of Af42, our model is based on biologically assumptions. Quantitative
properties of AD, such as time units and concentration thresholds for all of our compartments are based on this
qualitative consideration. However, our model qualitatively replicates the biological discoveries with numerical
simulations. Additionally, all of our assumed connections granted biologically predicted behaviors of the com-
partments in our cycle. When accurate data is applied to our model’s qualitative results, parameters may easily
be varied to study the exact phenomenon of AD. If our assumptions are accurate, researchers may use data
to model the disease under certain parameters to retrieve significant information. Even if data is not present,
future researchers may apply optimal control theory to compare treatments’ qualitative effects on delaying the
disease. In fact, when the initiation of AD is observed numerically, there are many possibilities to delay or even
prevent the progression.
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G APPENDIX
G.1 Detailed expressions from Reed’s model in equations (98) to (102)
Enzyme Parameter Units Value References
MATI VMATI L M/h 561 [27],18],[21]
KMATI uM 41 [27],[36]
KMATT wM 50 (27,(8],[36},[7]
MATIII VMATIIL M /h 22,870 [27],18],[21]
KT pM T (27],(36]
KMATHT wM 21.1 [27],[36]
GNMT ygNMT wM/h 10,600 [27],[32],[38]
KGNMT uM 4500 [27],[32]
KENMT uM 20 [27],]25]
Methylation ~ VMETH uM/h 4521 [27]
KMETH g [27],13],[19]
fafr— - 10 1351,271,13][19]
AH Van uM/h i [35],[20]
a 1/h 100 [35] -
Qs None 10 [35]
B 1/uMh 1.7 [35]
B2 (h)* 30 [35]
MS V;MS uM/h 500 [35],{16],[2]
KM ey uM 0.1 [2]
Ky rur wM 25 [2]
K3's uM 1 (3]
BHMT VEEMT uM/h 2500 [35],[15],[17]
KBHMT uM 12 [35],[14]

1 depends on variables.
Table 3: Rate Constants and References

It is necessary to indicate that since our study is dedicated towards a qualitative perspective, the values
given here are multiplied by a factor of 5x10° during simulations to account for the difference between the
concentration magnitudes of Afs2 and those in Reed’s study.

MATI
Vmaz (108)

Vmarr =
L+ i (1+ G
MATIII
Vmaw (109)

Vamarir = KMATIII g MATIII
1 + .1 m2
[Met]? +[Met] K MATIIT

where
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Also

Vus

Van

Vess

Veumr

KMIATIII _ 20000

2
[AdoMet]
1+45.7 ([Ado]\;et]+600)

GNMT

R 7 1
GNMT = KGNMT \2:3 | + [AdoH cy}
1+ ([AdoMet] KENMT

METH

Vumers = Vimaa
- TH METH METH
KMIETH KME Km2 Kml

V4 Gaomrey T —ar — + —fT Adoiren

KpPT™ =10 (1 + W)

K7]T\;I2ETH 10
(4]

VM8 [5mT HF)[Hcy

KK S oy + Kt iy SMTHF| + K2 1y o[Hey) + [5mTHF][Hey]

o1 ([AdoHcy] — az[Hey])
(61 (JAdoMet] + [AdoHcy]) — B2) [Hcy]
Vg}?fx[T [H cy]

(110)

(111)

(112)

(113)

(114)

(115)

(116)
(117)

(118)

5mTHEF is a substrate for the conversion of Hcy and Met. It was selected between certain ranges by Reed
(5.2 to 7.2 uM) for a certain amount of time to observe the behavior of the methionine cycle. In our stydy,
5mTHF is fixed at 5.2uM /h.
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a=1, p2=0.002
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Random Simulation with varied metin and 5mTHF': isolated Afs2 simulation with randomly chosen parameters
solely to observe the decay.

During this simulation, and due to constrained data availability, we randomly selected « as 0.5 and 2 as 0.2
to observe the decaying behavior of AB42 concentration. When both « and 2 are greater than zero, an overall
decay of Afss is expected (above). Figure G.2 and Figure G.2 have the same initial decay rate and final steady
states. However, Figure G.2 considers both the methionine input (Metin) and the SmTHF as functions of time.
Thus, Figure G.2 illustrated a noticeable fluctuation prior to reaching steady states. In the case of Figure G.2,
Metin is fixed at 200pM /h while 5mTHF is fixed at 5.2uM /h. As a result of fixed inputs, AfB42 concentration
is a smooth decay, where no fluctuations occur, reaching the steady state earlier in comparison.
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G.3 MATLAB codes

function dy=dydt(t,y) % dydt.m
dy=[0;0;0;0;01;

App=66.5;

nui=0.76;

alpha= 0.2;

k=200;

p = 87.5/(87.5+k*(87.5-y(1)));

dy(1) = App ~ mul*y(1) - alpha*y(2)*y(1);

dy(2) = p*VMS(aTHF(t), y(5)) + p*VBHMT(y(3),y(4),y(5)) + Metin(t) - VMAT1(y(2),y(3))...
dy(3) = VMAT1(y(2),y(3)) + VMAT3(y(2),y(3)) ~ VMETH(y(3),y(4)) - VGNMT(y(3},y(4));
dy(4) = VMETH(y(3),y(4)) + VGNMT(y(3),y(4)) - VAH(y(4),y(5));
dy(5) = VAH(y(4),y(5)) - VCBS(y(3),y(4),y(8)) - p*VMS(mTHF(t),y(5))...

- p*VBHMT(y(3),y(4),y(5));
end

function run %run.m

close all

clear all

tstart=0;

tstop=15;

y0=[87.5;53.5;137.6;13.2;0.88];

option=odeset (’AbsTol’,1le-12,’RelTol’,1e-9);
[t,y] = ode4b(’dydt’, [tstart;tstopl,y0,option);
figure

[AX,H1,H2]=plotyy(t, y(:,1), t, y(:,2),’plot’);
xlabel (’t?)

set(get (AX(1), ’Ylabel’),’String’,’Abetad2’)
set(get(AX(2), ’Ylabel’),’String’,’Met’)
set(H1, ’LineStyle?,’~~’)

set(H2, ’LineStyle’,’:’)

legend(’Met [microM]’,’Abetad2 [microM]’)
figure :
[AY,H3,H4]=plotyy(t, y(:,1), t, y(:,B), ’plot?);
xlabel(’t?)

set(get (AY(1), ’Ylabel’),’String’,’Abetad2’)
set(get (AY(2), ’Ylabel’),’String’,’Hcy’)

set (H3, ’LineStyle’,’—-?)

set(H4, ’LineStyle’,’:’)

legend(’Hcy [microM]’,’Abetad2 [microM]’)
figure

[AZ,B5,H6]=plotyy(t, y(:,2), t, y(:,5), ’plot’);
xlabel(’t’)

set(get (AZ(1), ’Ylabel’),’String’,’Met’)
set(get(AZ(2), ’Ylabel’),’String’,’Hcy’)
set(H5, ’LineStyle’,’--’)

set(H6, ’LineStyle’,’:’)

legend (’Hey [microM]’, ’Met [microM]’)

end

function f=Metin(t) % Metin.m
£=200;

% if 0<=t & t<2

% =200;

% else if t>=2 & t<5.5
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% £=300;
% else if t>=5.5 & t<8
% £=100;

% else £=200;

% end

% end

% end

end

function f=mTHF(t) % mTHF.m
£=5.2;

% if 0<=t & t<2

% £=5.2;

% else if t>=2 & t<56.5
% £=7.2;

% else if t>=5.5 & t<8
% £=3.2;

% else £=5.2;

% end

% end

% end

end

function f=VAH(a,b) % VAH.m
% a : AdoHcy

%b : Hey

alpha1=100;

alpha2=10;

f=alphal*(a-alpha2+b) ;

7 100*(SAH- 10*HCY)
end

function £=VBHMT(a,b,c) % VBHM.m
% a : AdoMet

% b : AdoHcy

% c ¢ Hey

Vbhmtmax=2500;

Kbhmtm=12;

£=(0.7-0.025* (a+b-150) ) *Vbhmtmax*c/ (Kbhmtm+c) ;

% (0.7-0.025%(AdoMet+AdoHcy—150) ) *2500+Hcy/ (12+Hcy)
end

function f=VCBS(a,b,c) % VCBS.m
% a : AdoMet

% b : AdoHcy

% c : Hey

betal=1.7;

beta2=30;

f=(betal*(atb)-beta2)*c;

% (1.7%(SAM+SAH)-30)*HCY
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end

function f=VGNMT(a,b) % VGNMT.m
% a : AdoMet

% b : AdoHcy

Vgnmtmax=10600;

Kgnmtm=4500;

Kgnmti=20;

f=Vgnmtmax/ (1+(Kgnmtm/a)A2.3)*(1/(1+b/Kgnmti));

% 10600/ (1+(4500/SAMIAN 2.3)*(1/(1+ SAH/20))
end

function f=VMAT1(a,b) % VMAT1.m
% a: Met

% b : AdoMet

Vmatimax=561;

Kmatim=41;

Kmat1i=50;

f=Vmatimax/(1+Kmatim/a* (1+b/Kmat1i));

% 561/(1+41/Met * (1+ AdoMet/50))
end

function f=VMAT3(a,b) % VMAT3.m

% a : Met

%b : AdoMet

Vmat3max=22870;

Kmat3m1=20000/ (1+5.7*(b/ (b+600)IA2) ;
Kmat3m2=21.1;

f=Vmat3max/ (1+Kmat3mi*Kmat3m2/ (aA2+a*Kmat3m2));

% 22870/ (1+20000/ (1+5.7*(AdoMet/ (AdoMet+600))N2)*21 .1/ (Met A2+Met*21.1))
end

function f=VMETH(a,b) %VMETH.m
% a : AdoMet

% b : AdoHcy

Vmethmax=4521;

Kmethmi=1+b/4;

Kmetha=10;

f=Vmethmax/(1+ Kmethmil/a + Kmetha + Kmetha*Kmethml/a );

% 4521/(1+ (1+SAH/4)/SAM + 10 + 10%(1+ SAH/4)/SAM )
end

function £f=VMS(a,b) % VMS.m
% a : BmTHF

% b : Hey

Vmsmax=500;

Kmsmhcy=0.1;

Kmsmbmthf=25;
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Kmsd=1;
f=Vmsmax*a*b/ (Knsd*Kmsmhcy+Kmsmhcy*a+Kmsmbmthf*b+a*b) ;

#500%5. 2xHcy/ (1%0.140. 145, 2+ 25+Hcy+5. 2+Hcy)
end
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