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Abstract 
Here we present two mathematical models each of which is used to examine two different drug treatment 

regimens on estrogen receptor-positive breast cancer in women. The first regimen is a combination therapy of 
estrogen stimulation followed by chemotherapy and the second regimen is a treatment of chemotherapy alone. 
The method under consideration is to first use estrogen therapy on a patient diagnosed with breast cancer to 
move the tumor cells into the proliferating stage, at which time chemotherapy can be applied to kill the prolif­
erating cancer cells. Utilizing both analytical and numerical approaches, a study of the efficacy of combination 
treatment and the single treatment is completed. Two partially decoupled models are created to study both a 
healthy cell population and a cancerous cell population in the breast. At first, the cancerous cell population 
(tumor growth) is analyzed separately from the healthy cell population, then later composed with the healthy 
cell model to examine the dynamics of cancer and treatment on the body. Both of the populations are divided 
into quiescent and proliferating stages in order to account for the cell cycle specific treatment that are later 
applied. According to the constructed models, the treatment regimen consisting of chemotherapy alone is more 
effective in eliminating the tumor cell population than the regimen consisting of both estrogen chemotherapy. 

A Introduction 

A.I Background 

Cancer is one of the major health problems facing the world today, accounting for approximately thirteen per­
cent of deaths worldwide [?] [?]. There are many different forms of cancer, however breast cancer affects women 
of all ages, races, and genetic backgrounds [?] [?]. It is the second most common form of cancer, comprising 
roughly eleven percent of cancer diagnoses [?] [?]. In the United States, breast cancer affects one out of every 
eight women and is the second highest cause of cancer fatality, with approximately 40,500 deaths per year [?]. 
Over 258,000 women are diagnosed with breast cancer in the United States alone [?]; this cancer has become 
a growing epidemic [?]. With such a devastating impact on society, research into effective treatment of breast 
cancer is an ongoing process, which is vital to our health. 

Breast cancer is an abnormal growth of cells in the breast tissue [?] [?]. It usually begins in the milk ducts 
of the breasts, and can eventually become a tumor. There are many types of cancerous tumors which occur 

80 



in the breast, the most common type being a ductal carcinoma [7]. In many cases, carcinomas occurring in 
the breast are tumors which are estrogen-receptor positive. These types of tumors have an excess of estrogen 
receptors making them extremely sensitive to the presence of estrogen. When estrogen is present, the tumorous 
cells are stimulated to proliferate [7]. As a result, estrogen-receptor positive ductal carcinomas are responsive 
to estrogen treatment, a treatment designed to push quiescent tumor cells into proliferation. 

A.2 Cancer and the Cell Cycle 

The cell cycle consists of five main phases. Four of these are proliferating stages, where the cell is in the act of 
dividing, and one quiescent or dormant stage. The proliferating stages are GI , S, G2 , and M[7]: 

• The G I phase, or gap phase 1, is where the cell begins to grow and synthesize different enzymes in 
preparation for DNA synthesis[7]. 

• The S phase begins when the cell replicates its DNA, creating duplicates of its entire set of chromosomes[7]. 

• The third phase is the G 2 phase, also referred to as gap phase 2, where the cell again grows rapidly, 
repairing any damage that may have occurred during the S phase and synthesizing various proteins that 
are required for mitosis[7]. 

• The final stage is mitosis, M, where the cell separates its chromosomes into two identical sets, and then 
divides its nuclei, cytoplasm, organelles, and cell membrane into two new cells[7]. These cells are born 
back into the G I phase. 

Figure 33: The cell cycle is a series of events that occur in both cancerous cells and healthy cells. 

The quiescent, or non-proliferating, stage is called the Go stage. In this stage the cell is dormant or not 
actively dividing [7]. Cells enter the Go phase through a checkpoint in the G I phase. A cell can be moved into 
quiescence due to many factors, but usually due to lack of nutrients or space to grow [7]. Note that a majority 
of the cells in a healthy human body are in this phase. 

During the normal division process, healthy cells are tightly regulated by the body so that they cooperate 
with each other and will collectively form various tissues [7]. At various stages in the cell cycle, the cell division 
process passes through checkpoints, where if the cell division process is malfunctioning, the cell cycle will stop 
and the cell will not continue dividing [7]. Cancer is a disease in which mutations occur in a way such that 
cancerous cells are no longer controlled at normal cell division checkpoints. As a result of these mutations, pro­
teins and enzymes normally present in the cell which cause a cell to cease the division process in case of a failed 
checkpoint are not present [7]. Hence, cancerous cells often divide uncontrollably. Populations of uncontrollably 
dividing cells form tumors. 

Though tumorous cells are not subject to normal cell division checkpoints, there are several factors that can 
limit the growth of a tumor. For example, due to the geometry of tumors, not all tumorous cells are proliferating 
at all times. Most tumors are made of various layered subunits. The outer layer of the tumorous subunit, being 
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exposed to a nutritious environment, consists of uncontrollably proliferating cells. Beneath the proliferating 
outer layer lies a layer of quiescent cells. These cells no not have sufficient nutrients to proliferate but do have 
sufficient nutrients to maintain a dormant state of life. This dormant stage of life corresponds to the Go stage 
of the cell cycle. At the innermost layer of the tumor subunit is a population of necrotic cells. Not only does 
this population of cells lack sufficient nutrients for proliferation, but they also lack the necessary nutrients for 
the maintenance of a dormant state of life. As a result, the necrotic center of the tumor subunit is made up of 
dead and dying cells. 

The growth of a tumor subunit is due to the uncontrolled division of cells in the outermost layer. As these 
cells multiply more layers of cells are added to the outside of the tumor subunit. Due to the addition of cells to 
the outermost region of the tumor subunit, previously existing cells become further isolated form the nutrients 
necessary to maintain either proliferating or quiescent states. In particular, as layers of new cells are added to 
the outside of the tumor subunit, quiescent cells at the innermost region of the quiescent layer become necrotic, 
and proliferating cells at the innermost region of the proliferating layer become quiescent. 

A.3 Treatment 
Chemotherapy refers to the use of drugs to target cells for treatment. A systemic chemotherapy will affect the 
whole body by flowing through the bloodstream. Most chemotherapies are administered in cancer patients to 
specifically target cells that are actively dividing [?]. Chemotherapy works by either attaching to the cell during 
the S phase and interfering with DNA replication, or during the M phase, which disrupts the actual division 
of the cell. Both of these situations will cause the cell to die. While other chemotherapy can either block the 
enzymes cells need to survive and grow (in the case of cytostatic chemotherapy), or they can kill the cell as it is 
proliferating (called cytotoxic chemotherapy). Cells that are proliferating are vulnerable to chemotherapy treat­
ment while quiescent cells are not. Unfortunately this chemotherapy does not specifically target cancer cells, 
but all of the cells in the body that are actively proliferating. Though the treatment is effective in killing cancer 
cells, steps must be taken to protect patients from its adverse effects on healthy tissue. The healthy cells that 
are affected the worst by chemotherapy are rapidly diving cells, such as those in the blood, mouth, and vagina. [?] 

When treating breast cancer patients, estrogen is a common from of treatment and can only be effective in 
women who have tested positive for the for a response to hormone therapy [?]. Estrogen is a naturally occurring 
hormone that is responsible for secondary female sex characteristics, including breast development. During 
every menstrual cycle, with the help of other hormones, estrogen signals the cells in the breast to divide and 
multiply. In the case of estrogen receptor-positive breast cancer, it is the presence of estrogen that stimulates 
the tumor cells to continuously multiply [?]. Estrogen receptors are similar to antennae on a cancerous cell. The 
hormone will travel through the bloodstream and attach to the receptors, sending signals through the receptors 
telling the cells to grow and multiply [?]. Because cancerous cells are mutated they have a far greater amount of 
estrogen receptors than normal breast cells. Estrogen does not have an effect on proliferating cells, it can only 
signal the quiescent cells into proliferation. 

B The General Model 
In an effort to understand the dynamics of both cancerous and non-cancerous cells in the presence of drug and 
hormone treatments, a general mathematical model is constructed. Of particular interest is the comparison of 
a combined estrogen and chemotherapy treatment regimen to a treatment regimen consisting of chemotherapy 
alone. To account for the fact that estrogen and chemotherapy treatments are effective only at specific stages in 
the cell cycle, the general cell model is split into two compartments. One compartment consists of proliferating 
cells, the cells which are responsive to chemotherapy treatment, while the other consists of non-proliferating or 
quiescent cells, the cells which are responsive to estrogen treatment. This two-compartment cell model will be 
applied to populations of both healthy and cancerous cells. There are therefore four state variables, which are 

• NT(t), the population size of quiescent (non-proliferating) tumor cells, 

• PT(t), the population size of proliferating tumor cells, 

• N H (t), the population size of quiescent healthy (non-proliferating) cells, and 

• PH (t), the population size of proliferating healthy cells. 
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The general form of the model is 

NT(t) 

PT(t) 

NH(t) 

PH(t) 

fr (NT, PT ) - gT (PT) - eTNT - dTNT (1) 

gT (PT) - fr (NT, PT) + eTNT + "iTPT - CPT (2) 

gH (PT, PH) - fH (NT,PT, NH, PH) + 'mPH - CPH, (4) 

Figure 34: This is a template for the general model. Note that the tumor cells are independent of the healthy cells. 

where fT,gT, fH and gH are functions describing the rates of migration of cells between proliferating and non­
proliferating classes, and dT, dH are functions describing the death rates of quiescent cells due to both necrosis 
and apoptosis. In particular, fT and fH describe the non-hormone induced rates of migration of cells from 
the quiescent class to the proliferating class for the tumorous cells and the healthy cells respectively, while gT 
and gH are functions describing the respective rates of migration of cells from the proliferating stage to the 
non-proliferating stage for tumorous and healthy cells. The rate of estrogen induced movement of cancerous 
cells from quiescence to proliferation is assumed to be proportional to the number of non-proliferating cancerous 
cells and is given by eTNT. The rates of death of proliferating cancerous and healthy cells due to chemotherapy 
are assumed to be proportional to the number of cells in the corresponding proliferating classes and are given 
by CPT and CPH respectively. Finally, proliferating cells contribute to the proliferating cell class via mitosis at 
rates "iT and "iH per cell for tumorous and healthy cells respectively. 
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C First Model 

C.l Description 

In this model, the functions iT, iH, gT, gH, dT and dH from the general model are taken to be 

h(NT,PT) = VT (1- N11:T) 

gT(NT,PT) = WT (~) 

gH(PT, PH) = WH (P"K+;T) 
dT(NT) = f.L 

With these functions specified as above, the general equations (1), (2), (3), and (4) become 

NT(t) WTPT (:~) - vTNT (1 - N~+:T) - eTNT - f.LNT (5) 

FT(t) vTNT (1- N')t:T) + eTNT + iTPT - WTPT (~) - CPT (6) 

The functions for this first model, are now broken down and analyzed term by term, to understand their bio­

logical significance. Migration between the two tumor cell stages is represented by vTNT (1 - N'}t:T) (from 

NT to PT) and WTPT (~) (from PT to NT), with KT being the carrying capacity of the tumor. Migration 

between the two healthy cell stages are represented by vHNH (1- NT+PT:;H+PH) (from NH to PH) and 

WHPH (PT::H) (from PH to N H), with KH being the carrying capacity of the cells in the breast. The quies­

cent cells will begin proliferating to fill the space available or to use an abundance of nutrients. The parameters 
VT and VH are the constant rates of transfer from quiescence to proliferation, in the tumor and healthy cell 
populations respectively. Similarly, the constant rates of proliferating cells moving back to quiescence due to 

limiting nutrients and space are WT and WH for the tumor and healthy cell populations. The probabilities (:~ ) 
(tumor cell population) and (PHK+;T) (healthy cell population) represent the event anyone proliferating cell 

will move to the quiescent class. The mitotic rate of growth of the proliferating tumor cell population is iTPT, 
while the mitotic rate of growth of the healthy cell population is iH PH. The death rate of quiescent cells due to 
apoptosis and necrosis in the tumor is f.LNT while dNH only accounts for apoptosis in the healthy cell population. 
The treatment is accounted for in equations (5), (6), and (8) by the terms eTNT, CPT, and CPH. The rate which 
estrogen treatment is able to progress quiescent tumor cells to move to proliferation is eTNT, while the terms 
CPT and CPH represent the respective rates at which tumor and healthy cells are removed from the system by 
chemotherapy. 

C.2 Analysis 

The system is being analyzed in two parts. First, the tumor cells which are described by equations (5) and (6) 
are analyzed followed by the analysis of the healthy cells whose dynamics are governed by equations (7) and 
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(8). Note that equations (5) and (6) do not contain any of the healthy cell state variables. Therefore, analysis 
of two separate two dimensional systems, as opposed to one four dimensional system is justified. To investigate 
the stability of the system's equilibrium, the Jacobian is calculated. The Jacobian for the system is: 

KT KT 
--+--

KT KT 
Jr(NT,PT) = 

( 

-fJ, - eT + _I/TNT _ I/T (1 _ -----=-:NT +:----PT) 

I/TNT (1 NT + PT) - -- + I/T - --=------''-
KT KT 

I/TNT 2WTPT ) 

-c _ I/TNT _ 2WTPT + 'YT 
KT KT 

By inspection, one can see that the two dimensional tumor system has a trivial equilibrium (NT, PT) = (0,0). 
This Jacobian evaluated at (0,0) is 

Jr(O, 0) = ( 
-I/T - fJ, - eT 

I/T ° -C+ 'YT ). 
Since JT(O, 0) is lower triangular, the eigenvalues Al and A2 are the diagonal entries. Hence, Al = -I/T - eT - fJ, 

and A2 = -C+'YT. Since all parameter values are positive, the equilibrium (0,0) will be stable whenever C > 'YT. 
This condition is biologically interpreted as the rate of death of tumor cells from chemotherapy must be greater 
than the rate of new tumor cell production due to mitosis. 

Given the independence of equations (5) and (6) on N H and PH and the stability properties of (NT, PT) = 
(0,0) in the two dimensional system (5) and (6), insight on the local stability properties of (NT, PT, N H, PH) = 
(0,0,0,0) can be gained by analyzing the two dimensional system (7),(8) in the case (NH, PH) = (0,0). In this 
case, equations (7) and (8) reduce to the same form as equations (5) and (6), and it is easily verified that the 
trivial healthy cell equilibrium (NH, PH) = (0,0) is locally asymptotically stable whenever C > 'YH. Thus, the 
trivial equilibrium is in the four dimensional system is locally asymptotically stable whenever C > max( 'YH, 'YT) 
Of greater interest is the case 'YT < C < 'YH, which corresponds to stability of (NT, PT) = (0,0) and instability 
of (NH' PH) = (0,0). Both equilibrium will be investigated further in the second model. 

C.3 Supercritical Hopf Bifurcation Analysis 
Consider only the dynamics at the edge or boundary of the tumor mass, therefore analyzing the two dimen­
sional tumor system. Using the substitutions x = ~,y = :~, and t = dT, equations (5) and (6) are rescaled as: 

y2 _ ax (1- (x + y)) - ax, 
ax(l- (x+ y)) + <5x+ (b - (3)y _ y2, 

(9) 
(10) 

where a =!:!:L b = "IT d = -.-L a = eT-p. (3 = --"-- and <5 = eT. Numerical analysis is performed using the 
WT ' WT ' WT ' WT' WT ' WT 

parameter values in the following table: 

Values 
a 4 
b 10 
a 20 
(3 varied 
<5 10 

As shown in section 3.2 the system has a trivial equilibrium at (0,0), which is locally asymptotically stable 
whenever b < (3. Observe that this condition is equivalent to the condition 'YT < c, to so that in (9) and (10), 
(x, y) = (0,0) is locally asymptotically stable whenever the rate of death of proliferating cells is greater than 
the rate of introduction of cells into the proliferating class via mitosis. Note that in addition to the trivial 
equilibrium, there exists a non-trivial equilibrium given by: 

* _ (bo<-(3o<+ab-a(3)(b-(3) 
X - -(3 a+a8 (3+(3 8+aa b-2 8 a+ab2 -a8 b+P+a2-aa (3-b8-2 ab(3+ba+a(32 
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* _ -(3 <>2+a<> b+b<>2+ao (3-b<> 0+13 <> o-ao b-a<> (3 
y - -13 <>+ao 13+13 o+a<> b-2 0 <>+ab2-ao b+02+<>2_ a<>j3-bo-2 abj3+b<>+aj32 

It can be shown that such each of x* and y* are positive precisely when both a >5 and b > (3. Observe that for 
positivity of both x* and y* to hold, the trivial equilibrium must be unstable. Through numerical simulations 
the existence of a Hopf bifurcation is determined. This means the non-trivial equilibrium (x*, y*) loses stability 
as the real parts ofthe complex conjugate eigenvalues of the Jacobian evaluated at (x*, y*) switch from negative 
to positive [7]. To show that this happens, the Jacobian is evaluated at the non-trivial equilibrium and the 
trace is obtained so that the first of two conditions for the existence of a supercritical Hopf bifurcation can be 
verified. To guarantee that the real parts of both eigenvalues are zero, the trace of of the Jacobian evaluated at 
the non-trivial equilibrium must be zero. That is the following equality must hold: 

(b - (3) + (-2a-2<>+a(b-j3))(<>-0) + (-a-<>+b-j3)(<>-0)2 = 0 
a b-j3 (b_j3)2' 

By further numerical investigation for fixed parameter values, it is discovered that the non-trivial equilibrium 
point changes stability at (3 = 1.26. The first Lyapunov coefficient is -.1164 and the system will undergo a 
supercritical Hopf bifurcation. Observe that varying (3 corresponds to varying chemotherapy since WT is fixed. 
If (3 is sufficiently large, for example (3 = 10, the non-trivial equilibrium does not exist and the trivial equilibrium 
is a stable node. As (3 is decreased the birth of a non-trivial equilibrium occurs. When born, this non-trivial 
equilibrium is a stable node and the trivial equilibrium loses stability. This loss of stability will occur by the time 
(3 has been decreased to 8. Further decreasing (3 to 6, causes the non-trivial equilibrium to switch stability from 
a stable node to a stable spiral. Finally, decreasing (3 from 6 to below 1.26 the non-trivial equilibrium becomes 
a stable limit cycle. Numerical methods suggest that this change in stability occurs for (3 near 1.26. Biologically 
this reflects at the boundary of the tumor there is a continual trade-off between the number of quiescent and 
proliferating cells. The number of proliferating cells will increase until they reach a limit due to limiting space 
and resources. As a result they are pushed back to a state of quiescence. This migration of proliferating cells 
back to the quiescent stage will result in an increase in quiescent cells to a point when quiescent cells out number 
the proliferating cells. As the quiescent cells migrate back to a state of proliferation the cycle begins again. 
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Quiescent Tumor Cells 

Figure 35: This Figure shows proliferating cells vs. quiescent cells. A stable limit cycle occurs when f3 = 1.26. 
The above images have 8 = 10, a = 20, and f3 is varied. The system, for the given parameters, will not settle 
to equilibrium. The solutions will approach stable limit cycle. Without treatment, f3=0, the tumor cells oscillate 
between proliferation and quiescence stages. This graph illustrates that as chemotherapy is increased the amplitude 
of the limit cycle decreases, i.e. effectively reducing the amount to tumor cells. 
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Figure 36: Here 8 = 10, a = 20 and /3 is varied. If /3 is low the tumor cells will oscillate between proliferation and 
quiescence stages as seen by the limit cycle for /3=1. As /3 is increased, the equilibrium will stabilize as we increase 
/3 through 1.26, this is indicative of a Hopf bifurcation. A further increase of /3 moves the stable equilibrium down 
until it coalesces with the origin. This graph illustrates that chemotherapy can stabilize the tumor equilibrium and 
ultimately bring the equilibrium to zero. 
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Figure 37: Here /3=4, 8 = 10, and a = 20. This graph illustrates that the proliferating cells and quiescent cells will 
converge to equilibrium. If chemotherapy is sufficiently large, the tumor cells will no longer oscillate but will stay 
constant. 

CA Discussion 

In the first model the main focus was on the two dimensional tumor system given by equations (1) and (2). In 
this system, the dynamics of quiescent cells and proliferating cells are incorporated in an attempt to investigate 
cell cycle specific chemotherapy. The chemotherapy targets and kills the tumor cells in proliferating cell stage 
only because the quiescent cells are not affected by the chemotherapy treatment. Through investigation and 
variation of the chemotherapy parameter c we were able to uncover several distinct qualitative behaviors of the 
tumor system. Local stability analysis gave the necessary condition for the existence of a stable cancer-free 
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Figure 38: Here /3=0, (j = 10, and 0: = 20. This graph illustrates that the proliferating cells and quiescent cells will 
exhibit self-sustained oscillations. At the boundary of the tumor mass there is a trade-off between the number of 
proliferating cells and quiescent cells. 

equilibrium. This condition is "YT < c, which says if the death rate due to chemotherapy is greater than the rate 
of proliferation or cell division, the tumor population will die out. 

In order to investigate the non-trivial tumor equilibrium, the rescaled system in its non-dimensional form 
is considered. The rescaled chemotherapy parameter is (3 = ..£.. Since WT is constant, varying (3 effectively 

WT 
varies the rate of chemotherapy introduced to the system. In the case of (3 = 10 representing high rate of 
chemotherapy, the non-trivial equilibrium coalesces with the cancer free equilibrium rendering it stable. While 
the amount of chemotherapy is reduced from (3 = 10 to (3 = 8, the trivial and the non-trivial equilibria become 
distinguished. In this case, the non-trivial equilibrium is a stable node, while the trivial equilibrium is unstable. 
While further reducing chemotherapy to (3 = 6, the non-trivial equilibrium switches stability type becoming a 
stable spiral. Administering chemotherapy from 1.26 < (3 < 6, the non-trivial equilibrium remans a stable spiral 
but becomes more tightly coiled as (3 approaches 1.26 from above. At (3 = 1.26 the non-trivial equilibrium loses 
stability with the appearance of a stable limit cycle by Hopf bifurcation. This implies that the rate of death of 
proliferating cells due to chemotherapy is not high enough to keep the quiescent and proliferating tumor cells 
at a constant value. The amplitude of the limit cycle increases as (3 is further decreased all the way to zero. 
Biologically this reflects that at the boundary of the tumor there is a continual trade-off between the number 
of quiescent and proliferating cells. The number of proliferating cells will increase until they reach a limit due 
to limiting space and resources. As a result, some of the cells will be forced back to a state of quiescence. This 
migration of proliferating cells back to the quiescent stage will result in an increase in quiescent cells to a point 
when quiescent cells out number the proliferating cells. When enough space and nutrients become available the 
quiescent cells migrate back to a state of proliferation the cycle begins again. 

Variations in chemotherapy give qualitative changes in the tumor equilibrium. For certain values of the 
chemotherapy parameter, the cyclic behavior of the quiescent and proliferating cells is stifled and if (3 is raised 
high enough the tumor population will not persist. This model can explain the qualitative behavior of the tumor 
growth when the tumor is very small. It explains how even at high levels of chemotherapy tumor persistence can 
be explained by this oscillating exchange at the boundary. This suggests that chemotherapy may not completely 
eliminate the tumor but can be used to prevent a larger tumor from recurring. 

The first mathematical model was created in an effort to investigate two different treatment protocols; a 
combined chemotherapy and estrogen protocol and a protocol consisting of chemotherapy alone. While this 
model had interesting mathematical features and provided biological insight to the dynamics between prolif­
erating and non-proliferating cells at the boundary of the tumor, it lacked the biological reality necessary to 
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provide any insight to the question. For example, numerical simulations showed that solutions can become 
negative, a result which is undesirable in any biological context. Because of this, a second mathematical model 
with more biologically realistic features is created. With a more precise model in place, the comparison of the 
two treatment protocols may be carried out. 

D Second Model 

D.l Description 

A new model is created in order to better examine the relationship between chemotherapy treatment and es­
trogen treatment. As in the general model, there is a class of tumor cells and a class of healthy cells, each class 
being divided into quiescent and proliferating stages. The state variables are the same as in the general model 
and the equations governing the dynamics of the tumor and healthy cells are: 

NT(t) WTPT (f;::) - l/TNT (2P;.JKT) - eTNT - f.lNT (~) (11) 

FT(t) l/TNT (2P;.JKT) + eTNT + "'/TPT - WTPT (f;::) - PT (12) 

NH(t) WHPH (p''it:T) -l/HNH (2PT+;<P~+KH) - dNH (~) (13) 

FH(t) l/HNH (2PT+;<P~+KH) + "'/HPH - WHPH (PH::T) - CPH. (14) 

Hence, the functions iT, iH, gT, gH, dT and dH in the general model are given by 

dT(NT) = f.l (~~) 

dH(NH) = d (~:) . 

The functions for this first model, are now broken down and analyzed term by term, to understand there 

biological significance. Migration between the two tumor cell stages is represented by l/TNT (2P;.JKT) (from 

NT to PT ) and WTPT (:~) (from PT to NT), with KT being the carrying capacity of the tumor. And mi­

gration between the two healthy cell stages are represented by l/HNH (2PT+;<P~+KH) (from NH to PH) and 

WH PH (PT::H) (from PH to N H), with K H being the carrying capacity of the cells in the breast. The quies­

cent cells will begin proliferating to fill the space available or to use an abundance of nutrients. The variables 
l/T and l/H are the constant rates of transfer from quiescence to proliferation, in the tumor and healthy cell 
populations respectively. Similarly, the constant rates of proliferating cells moving back to quiescence due to 

limiting nutrients and space are WT and W H for the tumor and healthy cell populations. The probabilities (f:i ) 
(tumor cell population) and (P~-t;;T) (healthy cell population) represent the event anyone proliferating cell 

will move to the quiescent class. 
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Similarly, the rates of this model are incorporated, to make the model biological realistic. The rate of growth 
of the tumor population is "fTPT, which is motivated by mitotic cancerous cells. While the rate of growth, due 
to mitosis of the healthy cell population is "fH PH. The death rate of quiescent cells due to apoptosis and necrosis 

in the tumor is f.lNT (~ ), where (~;) is the probability that anyone cell in the quiescent stage will die. The 

term dN H (~) only accounts for apoptosis in the healthy cell population, where (~ ) is the probability that 

anyone cell in the quiescent stage will die. The treatment is accounted for in equations (11), (12), and (14) by 
the terms eTNT , CPT, and CPH. The rate which estrogen treatment is able to progress quiescent tumor cells to 
move to proliferation is eT NT. The variables CPT and CPH represent the respective rates at which tumor and 
healthy cells are removed from the system by chemotherapy. 

D.2 Analysis 

As in the first model, the second system will be analyzed in two parts. First, consider the tumor cell system 
equations (11) and (12). To investigate the local stability of the system's equilibrium, the Jacobian is calculated. 
The Jacobian for the system is: 

h~( 
_2f.lNT _ eT _ KTI/T 2KTI/TNT 2WTPT 

) 
+--

KT KT + 2PT (KT + 2PT)2 KT 

KTI/T 
+eT 

2KTI/TNT 2WTPT 

KT + 2PT (KT + 2PT)2 - K:;:- - C + "fT 

The system has a trivial equilibrium (NT, PT) = (0,0). Evaluating the Jacobian at (0,0) gives 

Jr(O,O) = ( -I/T - eT 0 ) 
I/T + eT -c + "fT . 

By inspection, the eigenvalues are Al = -I/T - eT and A2 = -c + "fT. Since each of the parameters are posi­
tive, the trivial equilibrium (0,0) will be stable whenever C > "fT and will be a saddle point whenever C < "fT. 
Specifically, if there is no chemotherapy then (0,0) will be unstable. This means that if the total number of 
cancerous cells is positive and sufficiently small, the amount of cancerous cells in the body is growing. The 
non-trivial equilibria for the system (11), (12) are difficult to find analytically, so a numerical approach is taken. 
This will be discussed in section D.4. 

Now consider the healthy cell system, equations (13) and (14). In the case of no cancer cells (NT = PT = 0) 
equations (13) and (14) reduce to the same forms as (11) and (12), with the exception of the estrogen term. In 
this case, the healthy cell system has a trivial equilibrium (NH,PH) = (0,0). The Jacobian of the healthy cell 
system with (NT, PT ) = (0,0) evaluated at the trivial equilibrium is 

JH(O,O) = (~H -C1"fH). 

Since the tumor system is decoupled from the healthy system, the Jacobian of the four dimensional system 
evaluated at the origin is a block diagonal matrix with two by two blocks, JH(O, 0) and JT(O, 0). From this it is 
clear that (0,0,0,0) is locally, asymptotically stable, provided c > max("(T, "fH). Of greater interest is the case 
"fT < C < "fH. This corresponds the extinction of the tumor cell population and the persistence of the healthy 
cell population. Due to analytical complications this point will be investigated numerically in section D.4. 

D.3 Sensitivity Analysis 

In an effort to understand the relationship between the non-trivial tumor equilibrium (NT'P;')' and the treat­
ment parameters c and eT, a sensitivity analysis is performed. Using Maple, the sensitivity indices 
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are computed for ( = C, CT, where]'* = NT * + PT * is the total number of cancerous cells in the nontrivial tumor 
equilibrium. In order to obtain SI; as a function of ( only, parameters values in S( are taken from the table in 
D.4, with C = 0 for ( = eT and CT = 0 for ( = c. 
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Figure 39: In the graph of Se versus c from 0 to iT, the rate of chemotherapy treatment c and the sensitivity index 
Se a.re negatively correlated. Observe that as c -+ iT from below, Se -7 -00. For c close to iT, T* is more sensitive 
to small perturbations of c than if c is close to zero. 

As shown in Figure 39, the rate of chemotherapy treatment c and the sensitivity index Sc are negatively corre­
lated. In other words, as the rate of chemotherapy is increased, the non-trivial tumor equilibrium T* decreases. 
Observe that as c -; "IT from below, Sc -+ -00. For c close to ~(T, T* is more sensitive to small perturbations 
of C than if c is close to zero. The asymptotic nature of Sc is in agreement with analytical results, as ]'* only 
exists for "IT > C. As c -+ ,'T from below, T* -+ 0, with T* ceasing to exist for Tt :s; c. Thus, for c Ileal' "IT, 
small perturbations of c will cause relatively large changes in T*. 

Figure 40 shows a plot of Se,], versus eT. Observe that SeT is strictly increasing in CT for CT 2:: O. This 
implies for CT close to zero, a small perturbation of CT will cause a relatively small change in T* than the 
same perturbation of eT will cause when e1' is large. This is feasible in context because as the rate of estrogen 
therapy become sufficiently small, estrogen induced migration of quiescent tumorous cells into the proliferating 
class will be negligible relative to other f<)fm of migration into that same class. Therefore small perturbations 
of CT will cause relatively small change in the migration rate of tumorous cells into the proliferation class and 
therefore small changes in the size of T*. Oppositely, as the rate of estrogen therapy CT becomes sufficiently 
large, estrogen induced migration of cells into the proliferation class becomes the dominant migration form for 
cells entering that class. Thus, for sufficiently large CT, perturbations of eT' will have a much greater effect on 
the primary mode of migration, therefore greatly affecting the lloll-trivial tumor equilibrium T*. 

D.4 Numerical Analysis and Discussion 

For the numerical analysis of this model, it. was necessary to obtain accurate pa.rameter values for the simulations. 
The following parameter values will be used: 
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Figure 40: The graph of SeT versus eT shows a plot of SeT versus eT. Observe that SeT is strictly increasing in eT 

for eT 2: O. 

Parameter Description Value Source 

/'1' Rate of Proliferation .7869 day -1 [?] 
/1, Death Rate Due to Apoptosis and Necrosis .07 + .477 = .547 day 1 [?, ?] 

V'1' Maximum Rate of Migration from N'1' to P'1' .9 day -J [?] 
U)'T Maximum Rate of Migration from P'1' to N'1' .6 day -1_ [?] 
KT Carrying Capacity of Proliferating Tumor Cells 3,088,118,000 cells [?] 

--
/II -Rate of Proliferation of Healthy Cells 1.47 day I --lYj-
d Death Rate Due to A poptosis .1M day -1 [?] 

//II Maximum Rate of Migration from NH to PH .48 day -1 [?] --------
-Maximum Rate of Migration from PII to Nll 

r---------r't]--WII 5.643 day 
Kll Carrying Capacity of the Healthy Cells 113,400,000,000 cells [?, ?] 

The values for most of these parameters come from previous models of tumor growth. However, the values for 
K'1' and K II were estimated from various data. K'1' was found from the maximum possible tumor size, 240 cells 
[3]. From the estimations assumed spherical geometry for the tumor and converted the cells to ruma, using the 
conversion factor of 1 cell approximately equal to 10-6 mm3 [3]. Then we found the volume of a proliferating 
shell, approximately ten cells deep due to nutrient limitation, and converted that back to number of cells to 
estimate the parameter. The estimate for J( f{ was found in a similar fashion, though instead of using maximum 
tumor size, and average total breast volume was found[l]. This was converted to number of cells, then 20% (the 
typical proliferating fraction) of the number was used for KH. 

Because of the complexity of the nonzero equilibrium of our system, we must turn to numerical simulations 
to analyze the behavior of our system and the effects of the two treatments. Using our estimated parameter 
values, we find that for the ,i-dimensional system, with no estrogen or chemotherapy treatment (e = c = 0), 
there are exactly three nonnegative equilibria. One is the origin (0,0,0,0), which (in the case of no treatment) 
is a saddle point, as we analyzed before. Examining the phase plane diagram, we see another is (0,0, NH, PH), 
which is a saddle point also. The third equilibrium (IVT' PT, Nil, PI!) .is positive and stable (Figure 9). 

If we introduce constant rate chemotherapy (no estrogen, so e = 0) we find that as the rate of chemotherapy 
increases, the positive equilibrium (Hj-, P;;', Nl-r, PH) decreases until it. coalesces -with the four-dimens_ional triv.ial 
equilibrium. For the t.wo-dimensional tumor cell system, as the rate of ehemotherapy is increased, the nonzero 
tumor equilibrium moves closer to the origin until (0,0) becomes stable when c > /'1', and similarly for the 
healthy cells (but when c > ~iH)' Thus, (0,0,0,0) will be stable when c > maxbH, /'1') (Figure 9) 
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Figure 41: Phase plane diagram for the 4-dimensional system with no treatment. The horizontal axis is total tumor 
cells (NT + PT ) and the vertical axis is total healthy cells (NH + PH). Note that (0,0) is seen to be a saddle point, 
and there exists a positive stable equilibrium. 

DA.l Threshold for Healthy Cells 

To measure the adverse effects of treatment protocols, we introduce a "threshold" for healthy cells. If the 
healthy cell population were to fall below this threshold, the cancer subject would be considered deceased or 
incurable, so this provides a limit as to how much chemotherapy the healthy cells can handle. As a theoret­
ical example, we took a threshold of 30% of the cancer-free healthy cell equilibrium. In Figure 10, we look 
at the healthy and tumor cell equilibria as c varies from 0 to 1.8. We can see that the healthy cells remain 
above the threshold until about c ~ 1.2, and then they drop below (so the patient would be considered deceased). 
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Figure 42: Healthy and tumor cell equilibria plotted against chemotherapy. The threshold is approximately 30% of 
the cancer free healthy cell equilibrium. We can see that the healthy cells remain above the threshold for c <~ 1.2. 
Also note that we can see the tumor equilibrium change to zero at c = "iT = 0.7869. 

DA.2 Combination vs. Single Treatment Protocol 

With our threshold of healthy cells defined an estrogen/chemotherapy combination treatment protocol is com­
pared to a treatment protocol involving just chemotherapy. In both treatment protocols, chemotherapy is 0.6. 
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The combination treatment calls for the application of estrogen (e = 0.6) for two days then chemotherapy is 
applied. The idea is to use estrogen to stimulate the quiescent tumor cells into proliferation thereby building 
a large class of tumor cells which are vulnerable to chemotherapy and then kill these vulnerable cells with 
chemotherapy. In Figure 13, the solid curve represents the the estrogen/chemotherapy combination treatment. 
The dashed curve represents the treatment protocol involving chemotherapy only. The cells first affected by 
estrogen die out slower than those to which only chemotherapy is applied. This indicates that using estrogen to 
first stimulate the cells into the proliferating class does not allow the chemotherapy to kill the cells more quickly 
after the estrogen is stopped. 
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Figure 43: Healthy cell population (N H + PH) plotted against time as chemotherapy varies between 0 and 2.4. We 
can see that the healthy cell equilibrium decreases as the value of chemotherapy increases. 
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Figure 44: Tumor cell population (NT + PT) plotted against time as chemotherapy varies between 0 and 2.4. Here 
we also see that the tumor equilibrium decreases as the value of chemotherapy increases. 

D.4.3 Constant Rate Chemotherapy vs. Periodic Chemotherapy 

Since chemotherapy alone is the more effective of the two treatment protocols considered, we study the effects 
of a periodic chemotherapy treatment. In these simulations, constant rate chemotherapy is applied in discrete 
intervals with periods of no treatment in between. In Figure 14, the solid curve represents a treatment of c = 2.4 
applied to the tumor cell population over intervals of 12 hours starting at t = O. After 12 hours, the treatment 
is then stopped for another 12 hours, and then continued. The starred line is the tumor cells with constant 
chemotherapy c = 1.2. We can see that the two treatments have a similar effect on the tumor cells, killing them 
in about the same number of days. However, when we also look at the healthy cell population when subjected 
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Figure 45: In this figure we look at the tumor cell population for combined estrogen and chemotherapy treatment. 
For the solid curve, constant estrogen is applied for 2 days and then switched to constant chemotherapy. For the 
dashed line, there is no treatment for the first two days, and then constant chemotherapy is applied. We can see 
that using estrogen to stimulate the cells does not enable the chemotherapy to kill the cells more quickly. 

to the same treatments (Figure 15), we see that the healthy cells persist at a higher values when subjected to 
the periodic chemotherapy with c = 2.4, as opposed to the constant chemotherapy with c = 1.2. In both cases 
the healthy cells remain above the threshold. This indicates that this particular treatment protocol might be 
more effective than simply using constant chemotherapy, because it has a similar effect on the tumor cells but 
allows the healthy cells to persist at a higher population. 
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Figure 46: Tumor cell population (NT + PT) plotted against time as for periodic chemotherapy treatment. The solid 
line is periodic chemotherapy with c = 2.4 (in intervals of 12 hours) and the starred line is constant chemotherapy 
with c = 1.2. We set c = 2.2 and administered it in intervals of two days with a period of one day in between with 
no treatment. It can be seen that both treatments have similar effects. 

Finally, there was an incorporation of a threshold for the healthy cells, to provide a limit which represents 
the minimum value of healthy cells that are needed for the cancer subject to remain alive. This threshold was 
purely theoretical and arbitrarily chosen, but provides a useful way to think about the balance between using 
chemotherapy to kill cancerous tumor cells and its detrimental effect on the healthy cell population. In the 
simulation, a threshold to be thirty percent of the cancer-free healthy cell equilibrium with no treatment was 
introduced, In this simulation a fixed chemotherapy rate was chosen in order to kill the tumor cells (so that 
(0,0) was stable for the tumor system), but the healthy cell population remained above the threshold. This 
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Figure 47: Healthy cell population (N H + PH ) plotted against time as for the same periodic chemotherapy treatment 
as in Figure 9. It can be seen that with the periodic chemotherapy (c = 2.4) the healthy cells persist at higher 
values than for constant chemotherapy (c = 1.2). 

corresponds to "fT < C < "fH and stability of ((0,0, NH, PH)). If the rate of chemotherapy is increased, the 
cancer cells still approached zero and the healthy cells tended to a positive equilibrium, but below our proposed 
threshold. In such a case, even though the healthy cells did not die, the cancer patient would still be considered 
to be deceased and the treatment a failure. 

E Conclusion 
Two models for the tumor progression of breast cancer in women were constructed and analyzed. This was 
done in order to answer the question of which type of treatment was more effective: a combination therapy of 
chemotherapy and estrogen treatments or chemotherapy treatment alone. In both cases of the mathematical 
models, a system of four equations was created. The main focus of our attention was on the decoupled system 
representing the population of tumor cells. The first model discussed had very promising mathematics but at 
times lost biological meaning. In order to make the model more biologically accurate, it was modified. The 
migration rate from the quiescent stage to the proliferating stage of both the health and tumor cell populations 
was the major difference between the models. The second mathematical model had biological foundations and 
provided an answer to our question. 

The original goal of this cancer model was to compare the dynamics of combined estrogen/chemotherapy 
treatment with chemotherapy alone and its effectiveness in decreasing the tumor size. The idea behind this treat­
ment is that estrogen stimulates tumor cells from the quiescent stage into the proliferating stage where they are 
susceptible to chemotherapy. Simulations were run in which estrogen therapy was applied for two days and then 
stopped, at which time chemotherapy was added. This curve was then compared to one in which the cancer de­
velops normally for two days and then is subjected to the same chemotherapy treatment as the first simulation. 
The results indicated that, contrary to our initial expectations, whenever estrogen is applied first to boost the 
proliferating cell count, applying chemotherapy then is always less effective in decreasing the tumor size than 
simply applying chemotherapy alone. Though the estrogen in fact does raise the number of proliferating cells, it 
appears that the chemotherapy does not succeed in killing these cells faster than those not treated with estrogen. 

Once a treatment was obtained with the ability to effectively eliminate a tumor cell population, our focus 
turned to balancing the reduction of the tumor cell population with the adverse side affects of treatment. A 
theoretical measure of adversity of side affects of chemotherapy was introduced in the form of a threshold of 
number of healthy cells killed due to chemotherapy. Numerous treatment protocols were considered including 
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a constant rate chemotherapy treatment and a periodic chemotherapy treatment in which periods of constant 
rate chemotherapy were followed by periods of no chemotherapy. We found that while both constant rate 
chemotherapy and periodic chemotherapy had the ability to eliminate tumor cell populations without killing an 
undesirable number of healthy cells, periodic chemotherapy allowed healthy cells to persist at a higher level. In 
particular, given a constant rate chemotherapy treatment which eliminates a tumor population in a given amount 
of time, there is a periodic chemotherapy treatment consisting of short periods of high chemotherapy rates that 
can eliminate the tumor cell population in the same time. Moreover, for these two treatment regimens we find 
that the healthy cell population is able to persist at a higher level with the periodic chemotherapy treatment 
than with the constant rate chemotherapy treatment. 
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