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Abstract

Numerically studies have shown that the bi-stability and backward bifurcation
are not automatically connected in epidemic models. In fact, when a backward
bifurcation occurs, the disease-free equilibrium may be globally stable or it may
support to a stable limit cycle. In this paper, a continuous epidemic model that
incorporates density-dependent treatments is analyzed. It is shown that it sup-
ports new types of backward bifurcations. We proceed to find bifurcation curves
in a subset of entire parameter space. Finally, we analyze an analog discrete-time

epidemic model.
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1 Introduction

More and more mathematical models describing the dynamics of human infectious
diseases are proposed to understand the mechanism of disease transmission. This
is necessary and useful to give tutorial control measures in epidemiology. Usually,
classical epidemic models only have a stable disease-free equilibrium when Ry < 1
and which is unstable when Rg > 1; and the unique stable endemic equilibrium exist
when the basic reproduction number Ry > 1, hence the bifurcation at Ry = 1 is
forward[ , , |. Some epidemic models, however, exhibit more complicated behaviors.
Another equilibrium may bifurcate from the disease-free equilibrium when Ry < 1.
This is so called backwards bifurcation. In this case, the basic reproduction number
alone cannot be used to describe disease elimination effort. Then it is important and
necessary to investigate backward bifurcations and establish thresholds for the control
of diseases.

There are a lot of works that studied the backward bifurcations. For instance, the
worksin [ , ., ., ] successfully used the continuous epidemic
models to investigate the dynamical behavior when backward bifurcation occurs. The
work in [ | provided a general framework for the mechanisms behind backwards bi-
furcations in simple disease models and discussed the biological interpretation of the

features of the model that produce these bifurcations. Paper [ | studied the global

behavior of an epidemic model with a saturated incidence rate ff:;}qz, and showed that,

although the reproduction number is zero, the disease can still persist under some con-

ditions. Paper [ ] demonstrated the existence of backward bifurcations in SIR models



with bilinear incidence 5SI and piecewise treatment 7'(I), which is

fylv lfOZISIO7

()= (1.1)

k, if I > Iy.
Following [ | modified the incidence as standard incidence % and adopted the same
piecewise treatment function in [ ]. This model can also lead to the backward bi-
furcation. [ | modified the model with the nonlinear incidence function ﬁ% and

showed the dynamic behavior when backward bifurcation occurs. The work in [ ]

used nonlinear incidence function % and the saturated treatment function 112 vi

and showed that the bifurcation can occur. These models all found that there exist
bistable equilibria. when a backward bifurcation occurs.

We can see that the particular treatment function can lead to backward bifurcation
and it seems that a backward bifurcation can lead to bistable dynamics (called Type-I
backward bifurcation [ ).

Although a lot of works on backward bifurcation have been done, the general condi-
tions for the occurrence of a backward bifurcation have not been found. The dynamic

behaviors of the system when a backward bifurcation occurs are still not completely

clear. Paper [ | gave an criterion of the occurrence of a backward bifurcation. [ ] pro-
posed an SIS model with bilinear incidence 58S and saturated treatment function IfTI]

and showed the existence of backward bifurcation. It was shown that the oscillations
occur when the basic reproduction number Ry < 1. Furthermore, [ | introduced a

general form for the treatment function is T'(I) = p(I)I, and gave some general results



to SIS models with standard incidence % For particular p(I) backward bifurcation

can occur. Specifically, the two density-dependent treatment functions p(I) = aje™7!
and p(I) = az + are™! were used. If p(I) = aie™!, the disease-free equilibrium
coexists with an endemic equilibrium when Ry < 1 and an addition condition R; < 1.
It is called Type-I backward bifurcation| |. However, if p(I) = ag + aje” !, two new
types of dynamics were found through numerical simulations.

(1) When a backward bifurcation occurs, the disease-free equilibrium is globally
stable. One positive equilibrium is an unstable spiral and the other is a saddle; there
is a heteroclinic cycle orbit that connects the saddle with the disease-free equilibrium.
This is called Type-II backward bifurcation [ ].

(2) When a backward bifurcation occurs, the disease may persist in a periodic
fashion. Neither positive equilibrium is stable, and there is a stable limit cycle. This
is called Type-III backward bifurcation [ ].

These new dynamic behaviors show that backward bifurcations cannot always gen-
erate bi-stability. The existence of Type-II and Type-III backward bifurcations were
discovered numerically. In this paper, we study the same model and show these bifur-
cations theoretically.

The rest of this paper is organized as follows: In section 2 we give a continuous SIS
epidemic model with density-dependent treatments; Section 3 focuses on the analysis
of the continuous model, including the stability of equilibria, the different type of
backward bifurcations, saddle-node bifurcation and hopf bifurcation; Section 4 studies

a corresponding discrete-time epidemic model; Finally, in Section 5, we collect some



observations and conclusions.

2 Continuous-time model with density-dependent treat-

ments

As areview to [ ], the epidemic models and some results are relisted below since these
will be used in the later analysis.
The model based on the SIS model with the standard incidence and treatment

function p(I) = ay + aje™ ! takes the following form

dS 1

e :A—,BSN—MS—F(O@—Fale*'”)I, (2.1)

dl 1 _

= = B9 — (I — (a2 + e ", (2.2)
N=S+1I, (2.3)

where all the parameters are positive, and A is the recruitment of susceptible popula-
tion; u the natural death rate; d the additional death rate caused by the disease. The
infected individuals are treated with a rate (o + are )I. The standard incidence
rate 5.5 % is used, where (8 is transmission rate.

Model (2.1)-(2.3) always has a disease-free equilibrium Ey = (%, 0). We use the

next generation method [, ] to obtain the basic reproduction number

_ 5
p4+d+or+as

Ry (2.4)



The Jacobian matrix of the system (2.1)-(2.3) is

2 2 _ —_
~BeiE — 0 Peiap terteae —ya e
J =
5% 5% —p—d—oay—ore " fyanle!

so the matrix of linearization of (2.1)-(2.3) at the disease-free equilibrium is

—u —B+or+ap
J(Ep) =

0 B—p—d—ar—a

The characteristic equation at Ej is

A+ )N+ (n+d+ a1 +a) (1 — Ry)) =0, (2.5)

all the eigenvalues have negative real parts, implying the asymptotic stability of the

disease-free equilibrium, if and only if Ry < 1. Hence we have the following result

Theorem 2.1. For model (2.1)-(2.3), the disease-free equilibrium Ey is locally asymp-

totically stable if Ry < 1, and is unstable when Ry > 1.

For model (2.1)-(2.3), we can classify the type of the bifurcation at Ry = 1 according

to the theorem from [ ].

Theorem 2.2. For model (2.1)-(2.3), if Ry = 2— < 1, the bifurcation at Ry = 1 is

A
=
Thattd

backward, while Ry > 1 the bifurcation at Ry = 1 is forward.



3 Endemic equilibria

The endemic equilibria of model (2.1)-(2.3) are solutions to

I
A ,BSS ; wS + (e + are”™ )1 =0, (3.1)
5L—(M+d)—(a2+ae*ﬂ)=o (3.2)
S+1 ! ' '

In order to obtain positive solution of (3.1)-(3.2), we eliminate S using the sum of
equation (3.1) and (3.2) A — u(S+I) —dI =0, and then substitute it into (3.2). The

(S,I) coordinates of an equilibrium must satisfy

A — d) ]
S = (l;—i_)7 h(]) é ap+ a1l + agef’ﬂ + agle’“ =0, (3-3)

where

B
=A(B—u—d— =A — 1
:A(M+d+a1+ag)(Ro—1)+A0417
B ptd
= — - — _1
a1 =d(p+d+ az) — B(p+d) d(“+d+a2)(u—|—d+a2 d )

ptd+or+ayp+d
Ry —

=—d d 1
(+d+az)( w4d—+ as d )
as = — Ao <0,
az =daq > 0.

We introduce functions f(I) and g(I), and h(I) can be rewritten as h(I) = g(I) —
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F(D) 2 (a2 +asDe™,  g(I) 2 ap + arl. (3.4)

The endemic equilibrium E* = (S*,I*) can be found by solving S and I from the
following equations

A—(n+d)I

S = fI) = g(1). (3.5)

In order to have E* > 0, we need 0 < I* < ﬁ.

Denote I, = ﬁ. The first and second order derivations of f(I) are,

/(1) = (yasI + vaz — az)e™ ! = aq (ydl — A — d)e !,
f"(I) = =y(vasl + yag — 2a3)e " = —ya (vdl —yA — 2d)e™ ",

we obtain the following properties of f(I): (i) f(I) decreases in interval (0, I.), and

increases in interval (1., +00), where I, = 122 = ZI= > (; (ii) f([) is concave down

az—yaz d4++A
Yas vd

in interval (0, 1;,), and is concave upward in interval (I, 400), where Ij, = %3’{% =

2d+JA > I.; (iii) Since lim f(I) = 0, so the maximum of f(I) is f(0) = —az =
v I—+o00

Acy > 0, and the minimum is f(I.) = —%36*”[8 = —d%e_l_% < 0. A graph of f(I)
is sketched in Fig. 1.

To compute the biologically feasible equilibrium, we need to consider the intersec-
tions between f(I) and g(I) on the interval (0, I,,]. Because 0 < I,,, < I. < I, f'(I) <
0 and f”(I) > 0 hold when I € (0, I,,]. It is easy to conclude that f(I) is monotone

decreasing and concave down in interval (0, I,,,] (see Fig.1). And f(I,,) > f(I) < f(0),

_ _ A _ pAag —LAd
where f(0) = Aon, f(Im) = f(;5) = Lge .
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Figure 1: Plot of function f(I). On interval [0, I,], f(I) is a monotone decreasing
function. It reaches its maximum and minimum values at point I = 0 and I = I,,,
respectively, and f(0) > f(I,) > 0.

Let

R T u+d+ar R _(M+d+ag)( d )

which corresponds to ag = 0 and a; = 0, respectively. Now we discuss the number of
intersections between f(I) and g([I), the straight line g(I) is determined by the signs
of ap and ay, so we should study the intersections between f(I) and g(I) for following
distinct cases:
Case 1: 1 < Ry < R* < R*,

In this case ap > Aa; = f(0) and a; < 0 always hold, hence g(I) is decreasing on
interval (0, I,,,], and we have g(0) = ag > f(0), g(I,) = —P’f—fd(u+d+a2) <0< f(Ip)-
There is one and only one intersection between f(I) and g(I), as is shown in Fig.2.
That is, when Ry > 1, the system (2.1)-(2.3) has an unique endemic equilibrium.

Furthermore due to p”(I) = y?a1e™7! > 0, and using Theorem 4.2 in [ ], we can



conclude the following theorem:

Theorem 3.1. For model (2.1)-(2.3), when Ry > 1, there is an unique equilibrium

and which is locally asymptotically stable.

Figure 2: Case 1, when Ry > 1, plot of the intersection between f(I) and g(I). On
interval [0, I,,], both f(I) and g(I) are monotone decreasing, and g(0) > f(0) > 0,
f(Im) > 0> g(I,) hold. The intersection between f(I) and g(I) on interval [0, I,,,] is
unique.

Case 2: Ry <1< R* < R™;
In this case 0 < ap < Aaj = f(0), a1 < 0. There may be zero, one or two intersections
between f(I) and g(I), as is shown in Fig.3.

Case 3: Ry < R* <1< R*™,
In this case ag < 0,a; < 0. We have max ¢(I) = ¢g(0) = ap < 0 and min f(I) =

I€[0,1,] 1€[0,1,]

f(Im) = Me_:TAd > 0, then max ¢(I) < min f(I), thereforce it is clearly that
ptd 1€]0,1m] 1€]0,1n]

there is no intersection between f(I) and g(/) on interval [0, I,,], as is shown in Fig.4.

10



Figure 3: Case 2, when Ry < 1 < R* < R**, plot of the intersections between f(I)
and ¢g(I). On interval [0, [,,], the black line of g(I) has two intersections with the
function f(I). The red line of g(I) is tangent with function f(I), so there is only one
intersection. And the green line of g(I) has no intersection with the function f(I).

f,)

o)

Figure 4: Case 3, when Ry < R* < 1 < R**, plot of the intersection of the function f(I)
the g(I). Since g(I) < f(I) always holds in interval [0, I),,], so there is no intersection
for the function f(I) and g(I) in interval [0, I,,].

11



Case 4: Ry < R* < R*™ < 1;

. A
In this case ap < 0,a; > 0. We have Ien[%)?l)fn}g(l) =g(In) = —ﬁ(/‘ +d+a) <0

) . _ phay A . .
and Ierﬁl){?m]f(l) = f(Im) = L25e"#+4 > 0, then Iér&)z}[)fn}g(l) < Ierf(l)l,?m] f(I), hence it

is clearly that there is no intersection between f(I) and g(/) on interval [0, I,,,], as is

shown in Fig.5.
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Figure 5: Case 4, when Ry < R* < R** < 1, plot of the intersection between f(I)
and g(I). Since g(I) < f(I) always holds on interval [0, I,,], so there is no intersection
between f(I) and g(I) on interval [0, ,;,].

3.1 Saddle-node bifurcation

The existence of bifurcation depends on several parameters. To investigate the impact
of transmission rate and treatment, we choose § and «ay as our bifurcation parameters
and consider bifurcations in the (3, aq) plane.

In this case, the Implicit Function Theorem provides the (local) existence of two

12



smooth functions:

l.e.

ao+ a1l = —age™ " — agle ™, (3.6)
a1 = (yaz + yasl — ag)e” ", (3.7)

solving ag and a; from (3.6)-(3.7):
ao = —(az +yaal +yazl*)e ",

a1 = (yaz + yazl — az)e ",

so the parameter function of 8 and s is obtained:

(n+d)B —dag = d(pu+ d) + a1 (yA + d — vdI)e™ ",

dI?
B—ar=ai(l+~I+ %)6_717

then if f(I) is tangent to g(I) at point I, the parameter § and g satisfies

d? a1 _ Yo g
BI) =~v(A —2dI + —I1*)—e " = 2 (A — dI)?, 3.8
(1) =~( A )u A ( ) (3.8)

13



dlp+d o]
) = ) + A~y 20+ D@t g
following we need to I € [0, I,,,]. Since

95 _ 0 1z _ ) (y(A — dI) + 2d) < 0 (3.10)

ol Ap ’

daz Y01 g

_ N _ 11
2 = 28N~ (i D (A~ dI) +24) <0, (3.11)

when I € [0,I,]. So both (I) and as(I) are decreasing on interval [0, I,]. S(I) >0
is always holds on interval [0, I),]. ag(I) € [a2(In), @2(0)], to make aa(I) > 0 holds
for some I € [0, I,,], a2(0) > 0 is sufficient and necessary. Hence for model (2.1)-(2.3),

we obtain the necessary and sufficient condition for the saddle-node bifurcation occurs
yAoy — p(p 4 d 4+ aq) > 0. (3.12)

Denote p(I) 2 (14+~4I(1—41))e=!. From (3.8) and (3.9) we can obtain that when

a saddle-node bifurcation occurs

ax(l) = B(I) = =(u+d) — p(I)ax. (3.13)

The derivation of p([I) is

2d

pi(1) = 7e 1T - (742, (3.14)

A

It is easily to verify that p/(I) < 0 on interval [0, I,,], so p(I,) < p(I) < p(0) holds

14



when I € (0, I,,], then we can derive to that 0 < p(I) < 1 on interval (0, I,;,]. From
(3.13), we obtain the threshold condition of saddle-node bifurcation occurs satisfies
that

—(ptd+a) <ay—B<—(u+d) (3.15)

when I € (0, I;,].
Furthermore, from (3.8) and (3.9) we can calculate the first and second order

derivations of ag with respect to 3

day  A—(u+d)I
98~ A-—dl (3-16)

0y B pu2AZe!
082 ~yar(A —dI)3(y(A —dI) +2d)’

(3.17)

Then we can also obtain that 0 < 86%’2 <1 and %2;22 > 0 hold when I € (0, I,;,], hence

the function ay is monotonous increasing with slope is less than 1, and is concave down
with respect to § when I € (0, I,,].

Denote

By = B) _ B)
p+d+ar+a(l) B+ (1 —pI))ay’

(3.18)

0 < Ry < 1 holds since 0 < p(I) < 1. From the above analysis we get the result

regarding the number of endemic equilibrium.

Theorem 3.2. For model (2.1)-(2.3), we have
(1) When Ry > 1, there is a unique endemic equilibrium.

(2) when Ro < Ry < 1, there are two endemic equilibria.

15



(3) when Ry = RO, the two endemic equilibria coalesce at a unique endemic equilibrium
of multiplicity 2.

(4) when Ry < Ry, there is no endemic equilibrium.

B

Figure 6: The distribution of endemic equilibria on the plane of (3, ag).

3.2 Hopf bifurcation

We investigate the Hopf bifurcation in region Ry < Ry < 1, in which there are two
endemic equilibria. In this region, (3.12) and p(I)ay < B — (1 + d + a2) < «aj hold.

The variational matrix about any equilibrium E* = (S*, I*) of system (2.1)-(2.3) is

*2 *2 * *
—5W — K —ﬁﬁ +ag +are " —ya et
J(E*) = ( ) ( ) 7
*2 *2 * *
brre  Prrre —H—d =0z e

16



so the trace of J(E*) is

S*—1I7

tr(J(E*)) =p —ae T fya e —2p — d — ay, (3.19)
from (3.3) we also have
A — a)I* x I*
g A-wrdl' o wtal” (3.20)
n as + azl*

substitute the (3.20) to (3.19), we can determine a threshold condition for Hopf bifur-

cation:

tr(J(E")) =

= (boI*? + by I + by), (3.21)

where

bo =yar = vd(p +d + a2) = vB(p + d),
br =yag — p(B —d) = yA(B —p—d—az) — p(B —d),

bQZ—MA<O.

From the analysis before we know that I* € [0, ;] implies that ag > 0, i.e § > p+d+az
holds, which can also derive to that a; < 0, so we can obtain that for equation (3.21),

bp < 0, since b < 0, in order to let the roots of (3.21) are positive, it is clearly that

17



the conditions A = b2 — 4bgby > 0 and b; > 0 must hold:

A = by? — 4bybs

= (YA = ) B = yA(u+ d + az) — pd)* — 4> B(yA + d)

(3.22)
= (b1 — 2ud)® — 4> B(yA + d)
>0,
from (3.22), we can derive to
by > 2pd + 2pn/vA + d\/B, (3.23)
or
by < 2ud — 2un/vA + dv/B < 0, (3.24)

(3.24) is a contradiction with b; > 0, hence we just consider the condition (3.23). so
when (3.23) holds, the (3.21) will have two positive roots:

:_bl-i-\/Z 12:—b1—\/5

I
! 2bo 200

(3.25)

In the same way, we can get the determinant of J(E*) is

. S* —I* 12 g i
det(J(E™)) :M(H+d+a2)—ﬁﬂm+dﬁm+ﬂale " (1=I%), (3.26)

18



furthermore

1
det(J(E*)) = Sul* (oI + e I* + ), (3.27)

(A — dI¥)

where

co =ydar = yd(d(p + d + az) — B(p + d)),
c1 =y(2dao + BAp) = yA(2d(8 — p — d — a2) + Bp),

ca =—A(yao — Bp) = —A(YA(B — p— d — az) — Bp).
(3.26) can been rewritten as
det(J(E*)) = d(boI** + by I* 4+ by) + (dyag + du( 8 — d) +dyBA) I* — A(by — 2dp), (3.28)
we can verify that
det(J(E(S1,11))) <0, det(J(E(S2,12))) > 0, (3.29)

so endemic equilibrium F(S7, ;) is an saddle, we continue to consider endemic equi-

librium E(Ss, I3). Since

9 0
G5t ER)) #0. Str(I(E) 0,
we need
h(I2) =0,

19



which conclude the critical condition of hopf bifurcation occurs

ap + a1l + 61/2677]2 -+ aglge*'”? =0. (3.30)

4 Discrete-time model with density-dependent treatments

Continuous epidemic models have played a important role on investigating the trans-
mitting law of epidemic diseases and predicting the development trend of their spread.
Meanwhile, discrete epidemic models have gained more popularity[ , , , , , ,

|, since epidemiological data are usually collected at discrete times and it becomes
easier to compare data with models. The backward bifurcations are also found in
discrete epidemic models[ , , , , , , |. [, | developed models for the study
of disease dynamics in populations with discrete generations and potentially complex
(chaotic) disease-free dynamics. The work in [ | introduced a discrete-epidemic frame-
work, and the similarities between single-outbreak comparable classical continuous-
time epidemic models and the discrete-time models are introduced through analysis.
[ ] formulated an extended Ricker model by incorporating Allee effects based on the
classical discrete Ricker population model, and showed that the model exhibits period-
doubling bifurcations and stability cycles. [ ] proposed a set of discrete SEIS models
with exogenous reinfections and a variety of treatment strategies, and period doubling,
backward, forward-backward, and multiple backward bifurcations are identified from
the models.

In this section, we divide the population into two subpopulations: susceptible sub-

20



population (S) and infectious subpopulation (I), and construct a discrete SIS epidemic
models with density-dependent treatments, and the parameters in the model are in-
troduced by corresponding probability. We let he time step be 1, which is also the unit
time step. .S, represents the number of the susceptible individuals at time n, and I,
is the number of infected individuals at time n. To formulate the model, we give some
assumptions in the following:

(i) Let A be the constant recruitment rate and all the which are susceptible against
the infection.

(ii) The probability of an susceptible still alive via a time step is a constant, denoted
by m; and the probability of an infected individual still alive is 71, it is rational to let
0 < m <7 < 1. Then the number of susceptible and infected individuals still alive in
the period [n,n + 1) are 7S, and m I,,, respectively.

(iii) In period [n,n+1), the probability of a susceptible individual not being infected
is e~ P Hence, in this period, the number of susceptible individuals alive and remain-
ing in S is 7S,e A, and the number of new infected individuals is 75, (1 — e 8).

(iv) In period [n,n+ 1), the probability of an infectious individual removing from I
is a density-dependent treatments function: s+ aje7", then the probability that an
infectious individual survived and infectious in period [n, n+1) is m (1— (g +are 7).
Therefore, via the period [n,n+1), the number of individuals being alive and infectious
is 71(1 — (a2 + are™ ")) I,, and the number of individuals being alive and removed

from I is m I (a2 + a1e” 7). Then the discrete SIS model is as follows:

21



Spi1 = A+ 7wSpe P 411 (a4 e ),
(4.1)

Ing1 = 7Sn(1 — e PIn) + 111, (1 — (g + aze™ 7)),

We impose the following conditions on the parameters so that solutions of (4.1) remain

nonnegative: 0 < a1 + ag < 1.

4.1 Analysis

Assume 7w # w1, for the model (4.1), the disease-free equilibrium ¢y = (%, 0) is always
existent.

The Jacobian matrix of the system (4.1) is

re Pln —BrSpeBln 4 71 (g + 0416*7[”) — ymiaq Ie 7V n

7(1 —e Py BrS,e P £ mi(1 — (g + are™ ™)) + yriay Le

The local stability of gy can be determined by the Jacobian matrix of system (4.1)

evaluated at gg which has the following form:

T —ﬁﬂ'% + m(ag + 1)

0 ﬂﬂ'% +7T1(1 — (Ctg +a1))

so the eigenvalues 0 < A\ =7 < 1, and 0 < Ay = Bﬂﬁ +7m1(1— (a2 +a1) < 1ifand

only if

A
Briz

1—m(1—(ag+ o)

<1

22



We now can obtain the basic reproduction number is

B BrA
fa = (I—m(1—m +m(a +az))’ (42)

and we have the following theorem:

Theorem 4.1. For model (1.1), the disease-free equilibrium qq is locally asymptotically

stable if Rfl < 1, and is unstable when RZ > 1.

Furthermore, the global stability of ey can obtain:

Theorem 4.2. For model (1.1), if Ry < 1, the disease-free equilibrium qo is globally

stable when a1y — B < 0.

Proof. Since 0 < m < < 1, so take the sum of the two equations of (4.1), we obtain:

Sn—‘rl +In+1 = A+7TSn + 7T1[n
=AN+7(Sp+ 1) — (m—m)I,

So N = A—(m—m1)I < _A

— < 77,80 S, < 11_\771— — I,,, substituting into the last equations of

models (4.1). And according to that a1y — 3 <0 and 1 — e PIn < BT, we can obtain

23



that:

Iny < m(3—— = In)(1 = e Py 4 L (1 = (a2 + age” YY)
A AT,
Sy ~ Bl + mly[l = (a1 +az) + a1l —e7")]
A
< f,ﬂ I, — W/BIn2 + 771[71[1 - (061 + a2)] + 77'1041'7/In2
-7 (4.4)
A
= fi 7TIn + L1 — (o1 + ag)] + 7(ary — B) 1>
A
= O b~ (o + a2)]
1—m
=[Rg+m(1—Ry)(1— (a1 + a2))|Ln.
Since Rg < 1,0 < m,a1 +ag <1, so
0< 7T1(1 — Rd)<1 — (Ozl + Ckg)) < 1— Ry,
then
Rd+7r(1—Rd)(1—(a1+a2)) <Rd+(1—Rd) =1, (4.5)

which can clearly conclude that lim I, = qq, i.e the disease-free equilibrium eq is
n—oo

globally stable. O

4.2 Analysis: 7 =m

Assume 7w = mq, the probability of an susceptible and infected individual alive via
a time step is the same. Then we have N,+1 = A + 7N, using limiting equations
lim N = ﬁ Substituting S,, = N — I, into the last equations of models (4.1),

t—+00
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gives the following equations:

A
Ly =m(— - L)1 - e Py 4 11,(1 — (o + e nY), (4.6)

Let z, = L, then (1.6) becomes to:

bx

Tpi1 =7(1 — e v 4 g et — Tn(ag + are” "))

where b = SN, r = yN and z,, € [0,1].
Firstly, we consider the stability of the equilibrium eg = 0, which is always existent.

We have
d'(z) = m(be ™ — 7 — bre ™ — ay — a1e"F — rajze "), (4.8)

since d'(0) = 7w(b+ 1 — ag — 1), the equilibrium ey = 0 is asymptotically stable if

|d'(0)] < 1, we can obtain the basic reproduction number is

1 BrA B BrA
Ry = 1—m)24+7(1—-7)(a1+a2) (1-m)(1—7+7(ar+az))’ (4.9)

and we have the following theorem:

Theorem 4.3. For model (1.7), the disease-free equilibrium eq is locally asymptotically

stable if Rcll < 1, and is unstable when Rcll > 1.

Furthermore, the global stability of ey can obtain:
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Theorem 4.4. For model (4.7), if R}i < 1, the disease-free equilibrium eq is globally

stable when a1y — B < 0.

Proof. According to that ayy — 8 < 0 and 1 — e %" < BI,,, we can obtain that:

I = 7r(1 —I,)(1— 6751”) + 7l (1 — (g + ozlef'ﬂ"))
A —~1,
< 7r(1 - I)BI, + I, [1 — (a1 + a2) + a1 (1 — e )]
A
< DT P12 4 7L~ (o 4 )] + Ty
-7 (4.10)
A
= fi 7rIn + 7L, [1 — (o + a2)] + w(ary — B) 1,2
A
< P AL - (an + )]
1—m
= [RL+7(1 = RY(1 — (a1 + )] .
Since Rcll <1, 0<ma+a2<1,so
0<7(l—RH(1— (v +ag)) <1— R},
then
RY4+7(1 - RY(1 - (a1 + ) <RI+ (1 —RY) =1, (4.11)

which can clearly conclude that lim I, = eq, i.e the disease-free equilibrium eqg is
n—oo

globally stable. O
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5 Conclusion and discussion

Using density-dependent treatment function p(I) = as + e, this paper show that
that the bi-stability and backward bifurcation are not automatically connected theo-
retically. Firstly, a continuous model with density-dependent treatments are studied
to show that when a backward bifurcation occurs, the disease-free equilibrium can be
globally stable, and a stable limit cycle exist. We find bifurcation curves in a subset
of entire parameter space. When Ry < Ry < 1, there are two endemic equilibria for
the system, one of which is an saddle, and the other can have rich dynamics. The
endemic equilibria is an stable focus when parameter [ is large enough, but as param-
eter 8 decreases, it lose stability and becomes an center. The limit cycle can become
bigger and bigger as parameter [ decreases, when the limit cycle intersect with the
orbit of saddle, a homoclinic orbit occur. If 8 continue to decrease, the limit cycle
will break, and the disease-free equilibrium is globally stable. Finally, a corresponding
discrete-time model with density-dependent treatment are used to find these type of

bifurcations.
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