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Abstract

Gonadotropin Releasing Hormone (GnRH) is the drving force for hormonal regu-
lation during the menstrual cycle. GnRH signals the anterior pituitary gland to
secrete follicle stimulating hormone (FSH) and luteinizing hormone (LH) which
promotes the release of estradiol (E2) and progesterone (Py). Interferences in the
cyclic interactions have been shown to cause irregularities in the menstrual cy-
cle. In this study, the non-linear dynamics of GnRH, F'SH, LH, F>, and P, are
examined. A simplified model of six non-linear ordinary differential equations is
developed to model the effect of GnRH on the dynamics of hormones in the men-
strual cycle. A mathematical analysis is performed to observe the regulation of
GnRH in a monthly cycle. Our findings suggest that the relationship between E5
and GnRH plays an important role in concentrations and patterns of release of
the hormones involved in the menstrual cycle.

1 Introduction

Understanding the structural mechanisms of the female menstrual cycle is nec-
essary to gain a better understanding of the female reproductive system and conditions
that may affect it. This is critical given that roughly 50.5% of the U.S. population is
female [2]. The menstrual cycle is defined as the hormonal regulation of three stages:
follicular phase, ovulation, and luteal phase. The menstrual cycle is regulated by the en-
docrine system through a series of feedback mechanisms and hormonal interactions. The
functional process of the menstrual cycle is initiated by the secretion of gonadotropin
under the influence of GnRH. The signaling processes between the hypothalamus, pi-
tuitary, and ovaries (also referred to as the hypothalamic-pituitary-ovarian axis) are
critical for the regulation and maintenance of a normal cycle. On average, the men-
strual cycle should occur 21 to 35 days [1, 4]. However, any physiological factors can
alter the length of the cycle causing extreme variability.
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External and internal pressures can alter the length of the cycle causing extreme
variability. One of these abnormalities is the functional hypothalamalic amenorhera
(FHA), which is the absence of menstruation for a period of three months or greater
due to a perturbance in the signaling of gonadotropin releasing hormone (GnRH) [6].
A regulated pulse rate of GnRH to the hypothalamus is vital to the signaling process
that begins the secretion of follicle stimulating hormone (F'SH) and luteinizing hormone
(LH). By understanding the signaling processes and the behavior of these hormones
in the menstrual cycle, we develop a mathematical model that captures the dynami-
cal interactions between GnRH, F'SH, LH, Fy, and P;. As a result, we gain further
understanding as to how disturbances in the production and regulation of GnRH can
cause irregularities in the menstrual cycle and to what extent.

In recent years, studies have attempted to mathematically model the menstrual cycle
in order to capture the physiological phenomena of the signaling behavior that occur.
In 2009, Isabel Reinecke etal., used a system of delay differential equation to model
the menstrual cycle with the purpose of modeling feedback mechanism in the signaling
process, including a GnRH pulse generator [9]. A simpler model consisting of a system
of three nonlinear delay differential equations was developed in order to describe the
hormonal interactions along the HPOA that can later be extended to future models
involving the disruption of the menstrual cycle [7]. Another approach was developed by
Brueggemanns model with the aim to predict potential fertility windows. Brueggemann
constructed a simple model with four differential equations, taking period length as an
input parameter without including GnRH , with the intent to simulate a complex system
[10, 5]. However, in this project we construct a reduced model that can study the effect
of GnRH on the cycle without accounting for time delays while still demonstrating the
hormonal interactions and feedback mechanisms occurring in the menstrual cycle.

1.1 Hypothalamic-Pituitary-Ovarian Axis

The hypothalamic-pituitary-ovarian axis is orchestrated by a series of hormones that
work in concert to regulate the function of the menstrual cycle. In the female repro-
ductive system, the hypothalamus releases gonadotropin releasing hormone, GnRH, at
high levels, which travels through the anterior pituitary circulating blood stimulating
cells called the gonadotrophes. Gonadotrophes are responsible for the productions and
release of follicular stimulating hormone (£"S11) and lutenizing hormone(LII). FSH and
LH travels to the ovaries through the bloodstream where they aid in the maturation of
the premordial follicles into fully mature follicle, this process is known as the follicular
phase. The growth of the follicles is important because it contains the immature egg that
will develop over time until release from the follicles. As the follicle matures estradiol,
active form of estrogen during the menstrual cycle, is released. In the present of low
estradiol levels FSH will increase and LH will stay at a steady state given that GnRH
is still increasing and releasing FSH and LH. As estradiol increases, FSH will decrease
and LH levels will begin to increase. The follicular phase usually last around 14 days.
Approaching day 14 an increase in LH will occur transitioning from follicular phase into
the ovulatory phase.

During the ovulatory phase, the increase in LH causes the mature follicle to release
an egg. The egg will travel through the fallopian tubes awaiting fertilization. The ovula-
tory phase is quiet short. Following the ovulatory phase, the luteal phase will begin will
the degration of the corpus luteum. The corpus luteum is the structure that remains
after the follicle has released the matured egg. As the corpus luteum begins to degrade
it releases progesterone and other inhibitory hormones, such as Inhibin, to slow the
production of hormones, such as GnRH, FSH, LH, and F», and the maturation of new
follicles. As the corpus luteum degrades and fertilization has not occurred progesterone
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levels will decrease. In result, menstruation will occur causing the uterine line to shed.
Finally once the discharge of the lining has discontinued the body will prepare itself for
the next cycle.

In this study, we aim to construct a simplified model that captures the qualitative
behavior of the menstrual cycle in order to study the behaviors that GnRH will have
on the system as parameters vary. This study is arranged in the following sections. In
Section 2, we divided the hypothalumus-pititary-ovarian axis into five compartments:
GnRH, FSH, LH, F> and Pj to describe the regulatory mechanisms each hormone have
on one another. Following this, we constructed a system of six non-linear differential
equations (basic model) that simplifies the regulatory pathway of the menstrual cycle
as seen in Section 2.2. In Section 2.3 we extend our model by developing an entirely
new equation for GnRH, called GnRH(t) providing us a new model (sinusoidal model)
where GnRH(t) replaces the GnRH ordinary non-linear differential equation. In Section
3, we perform numerical simulations on both the basic model and the sinusoidal model,
following a hopf bifurcation analysis performed using the basic model. In Section 4, we
perform a sensitivity analysis using model 1 to understand how parameters in GnRH
in model consisting of the six non-linear ordinary differential effect the concentration of
the hormones in the system. Lastly, we summarize our study in Section 5.

2 Methodology

2.1 Model Description

To capture the dynamic of the menstrual cycle mathematically, a system of six non-
linear ordinary differential equations were decomposed from two independent studies.
The equations developed simplifies the dynamic of the menstrual cycle to explore the
effects of hormonal disruptions by GnRH. Each equation captures the qualitative be-
havior of the hormones, in which they are defined as concentration per day. In order
to describe the feedback regulation between the hormones of our model we use Hill
functions, which characterize inhibition and/or stimulation of hormones production. A
description of the equations are illustrated by the model in Figure 2. The change in
concentration of the hormones GnRH, LH, FSH, F5 and P, are reflected in 4a, 4b, 4c,
4d and 4e, respectively. Additionally, this model proposes Equation 4f as a tool that
accounts for the transition of the follicular stage to the corpus luteum, in addition to
the changes in progesterone precursor levels.

2.1.1 Hill Function

Hill Functions are used in this study to model and understand the feedback mech-
anism of the hypothalamic-pituitary-ovarian axis model mathematically [9]. Feedback
mechanism alters the rate at which the production of a hormone is being inhibited or
stimulated. Generally, hormonal output is mediated by either positive feedback or neg-
ative feedback. Positive feedback mechanism tend to stimulate the release of a hormone
while, negative feedback mechanism tend to down-regulate the release of a hormone.

Positive feedback is defined in Equation 1 given by:

Rt (S, Ti,n) := % (1)

99



While negative feedback is defined in Equation 2 given by:

h™(S,T: : 24 2

(8,13,n) = m (2)
where T7 and T € R represent the threshold values that the hormonal concentration
must surpass in order to be efflicient for up-regulation or down-regulation, respectively.
The threshold value signifies the half-way point at which the feedback mechanism is
either close to being efficient or ineffective. Ultimately, as more stimulation or inhibition
occurs the Hill function will exhibit values either close to 1 or 0, respectively, as seen in
Figure 1 [9]. The concentration of the hormone is denoted by S, which acts in concert
with the feedback mechanism [9] and n > 1 represents the steepness of the graphs;
the steeper the graph, the faster the reaction; while the less steep the graph is, the
slower the reaction. Moreover, S represents the concentration of the hormone producing
the feedback (Fig la and 1b). For instance, to describe the positive feedback between
hormone L induced by hormone S, a differential equation is derived to study the changes
of L with respect to time and Equation 1 as follows, for some parameter C;.When the
concentration of S is bigger than the threshold value 77, then there is a stimulation of

production:

dL
— =5,C,h% (S, T
dt s &1 ( ’ 7n)

On the other hand, negative feedback between hormone L induced by hormone S is given

by,
dL
— =Coh™ (S, T
dt 2 ( ’ 7”)7

which models the inhibition of production of hormone L due to hormone S [9].

Moreover, production of hormone L can be stimulated or inhibited depending on
the concentration of hormone S. This behavior can be described using a biphase Hill
function given by,

h=t(S) = h(S,T1,n) +h™ (S, Tz,n) (3)

provided that T7 > T, to model the dynamics of inhibition and stimulation of hormone
S on hormone L. In this case, for concentrations of S less than (1} - 75)'/? L is inhibited
(Fig 1c); and for higher concentrations than (7} - T»)'/2, hormone S stimulates L [9].
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Figure 1: Hill functions: (a) represents the positive Hill function, Equation 1, which
models stimulation for concentrations of S bigger than the threshold value Tj. (b) rep-
resents the negative Hill function, Equation 2, which models inhibition for concentra-
tions of S bigger than the threshold value 75. (c) represents the biphase Hill function,
Equation 3 which models positive feedback and negative feedback depending on the
concentrations of S.
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2.2 System of Ordinary Differential Equations
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Figure 2: Mathematical Model describing the interaction of hormones in the menstrual
cycle. Activation is represented by the solid line arrow heads. Bipashic interaction is
represented by the solid line arrow with a stroke. Activation of degradation is represented
by dashed lines with dot end. Promotion of production is represented by dashed arrow

head. Full block arrows represent natural degradation of the hormone.

The system of equations corresponding to the model is as follows:

dGnRH 7”?1 E?Q
—a = C1 4+ Cy (7’{“ T ER + i) w1 GnRH (4a)
dLH 7“;3 E';M Pfs
— = . -GnRH — s LH 4b
a0 (7"33 TEE g e ) e 2 (4D)
drsH _ PIG Té”
dt U\ + Py 4 (0B + 8Py + ih0)™ (40)
phs Epe
GnRH| — usFF'SH
(e + ey ) ok -
dE2 ’f'gm LH™1 E;m P"lnla
dt = 5',,,2/10 + FSHmo _06'E2'qg,11 4+ LH™ 7.(]?12 +E§12 _CB'Ez'qgm +P£13
(4d)
dP,
d_t4 = CQD — /J4P4 (46)
dD 7‘314 Dms
dar =G0 MR O s (4f)
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In order to use Hill functions to model the inhibitor/stimulator behavior of these
hormones, we consider q; > 71, g2 > 1o and g5 > r4. The change of GnRH over
time, Equation 4a, depends on Fs and GnRH itself. In this equation, Cy represents
the basal release rate per day of GnRH. The dependence of GnRH on Fs is given by
a biphase Hill function, which shows that for concentrations less than (r; - 91)1/ 2 B,
acts as an inhibitor and for concentrations greater than this threshold as a stimulator.
Additionally, Gn RH naturally degrades through metabolism at a rate per day p;. This
parameter pp also represents the portion of GnRH that is not used for the menstrual
cycle.

Equation 4b models the rate of change of LH that is dependent on Fs, Py and GnRH
at rate of C5 per day. The first term shows that GnRH concentration is necessary for
growth of LLH concentrations, whereas Fy stimulates or inhibits I.H depending on the
threshold concentration value of the biphase function and on ¢o. Moreover, for levels of
Py greater than g3 we have stimulation of LH production. LH naturally degrades and
is metabolized at a rate .

The change in F'SH over time, Equation 4c, depends on Py, Fo, GnRH, and FSH.
In the first term, GnRH concentration is necessary for growth of F'SH concentrations.
This growth is given at rate of C4 per day. If the levels of P; are greater than g4
there is stimulation or production of F'SH. Whether or not Fs stimulate or inhibit the
production and release of F'SH depends on threshold concentration values r4 and ¢5. In
addition, aPy + S FE5 capture the dynamic of the hormone inhibin that is released during
the luteal stage. The production of FSH is inhibited when aoPy + BFs < r3. Parameter
estimation of « and 8 was calculated in MATLAB using least square.

The change in concentration of Ey over time, Equation 4d, depends on F'SH, LH,
Fy and P;. F'SH inhibits E5 at a rate C5 and for concentrations larger than r5. On the
other hand, Fy stimulates its own production for larger concentrations than ¢; and at a
daily rate of C7. Moreover, the second term shows that Fs decreases its own production
depending on the feedback of LH. When the levels of LH passes the threshold level
qs, Fo signals the decrease in production of itself, i.e. inhibition occurs. The impact of
this feedback depends on the constant daily rate of Cg . For levels of P, greater than
qs there is a decreasing in the rate of change of Fs that depends on the concentration
of E5 and also on the constant of Cg per day.

Equation 4e represents the rate of change of P, which has degradation rate g,
and increases as its precursor D increases, which occurs at a rate per day Cy. Finally,
Equation 4f works as a precursor to P, in order to account for the follicular stages
without including a time precursor in the dynamics of P,. This precursor depends on
the levels of LH and on its own values. LH is necessary for the growth of the precursor
D, and for larger values of the precursor D the rate of change of D slows down.

Table 1 define the state variables of the model. While Table 2 provides a com-
prehensive description of the parameter values of the model described as well as their
definitions.

Table 1: State variables of the system of ordinary differential equations

State Variables | Definition Unit
GnRH Gonadotropin Release Hormone | &2
LH Luteinizing Hormone o
FSH Follicular Stimulating Hormone | 52
E2 Estradiol =
P4 Progesterone "’Z“l
D Precursor "”Z”l
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Table 2: Parameters of the system of ordinary differential equations

No. | PARAM | Description Units
1 Cq basal release rate of GnRH ”Tf

2 Cy conversion factor of GnRH w.r.t the concentration of Fs H9

3 Cs conversion factor of LH w.r.t the concentration of E2 i

4 Cy conversion factor of FSH w.r.t the concentration of Py, Fo & GnRH g

5 Cs conversion factor of Es w.r.t the concentration of FF'SH ng/L
6 Ceg conversion factor of E2 w.r.t the concentration of LH and F2 %

7 Cr conversion factor of EF2 w.r.t the concentration of F2 ng/L
8 Cg conversion factor of Ey w.r.t the concentration of FFSH f

9 Cy conversion factor of Py w.r.t its delay, D i

10 Cho conversion factor of D w.r.t D and LH pgg*d
11 C11 conversion factor of D w.r.t D %
12 ni speed of inhibition of GnRH dependent on Ea unitless
13 n2 speed of stimulation of GnRH dependent on Fa unitless
14 n3 speed of inhibition of LH dependent on Fo unitless
15 o speed of stimulation of LH dependent on FEg unitless
16 ns speed of stimulation of LH dependent on Py unitless
17 ne speed of stimulation of FF'SH dependent on Py unitless
18 nr speed of inhibition of FF'SH dependent on Fo and Py unitless
19 ng speed of inhibition of F'SH dependent on Fo unitless
20 ng speed of stimulation of F'SH dependent on o unitless
21 n10 speed of inhibition of F2 dependent on F'SH unitless
22 nii speed of stimulation of Fy dependent on LH unitless
23 nig speed of stimulation of Fy dependent on Fo unitless
24 nis speed of stimulation of Fy dependent on Py unitless
25 niq speed of inhibition of D dependent on D unitless
26 nis speed of stimulation of D dependent on D unitless
27 q1 threshold value of E5 that stimulates GnRH ng
28 q2 threshold value of Fo that stimulates LH %
29 q3 threshold value of P4 that stimulates L H nmol
30 q4 threshold value of P4 that stimulates F'.SH ﬁ
31 qs threshold value of Fo that stimulates F'SH %
32 g6 threshold value of LH that stimulates F2 HEg
33 qr threshold value of Fo that stimulates Fa %
34 qs threshold value of P4 that stimulates Fa "’z“l
35 q9 threshold value of D that stimulates D nmol
36 1 threshold value of E5 that inhibits GnRH ﬁ
37 o threshold value of Ko that inhibits LH L%Z
38 r3 threshold value of E and Py that inhibits FSH nmol
39 T4 threshold value of Fo that inhibits F'SH %
40 r5 threshold value of FF'SH that inhibits Fo ”—Lg
41 76 threshold value of D that inhibits D ninol
42 « linear coefficient for Eo nﬁ
43 8 linear coefficient for Py mfol
44 1 natural degradation rate of GnRH =

45 H2 natural degradation rate of LH i
46 H3 natural degradation rate of F'SH i
47 Ha natural degradation rate of Fa g

2.3 Sinusoidal Equation for GnRH

GnRH secretion acts on the anterior pituitary to regulate the production and release
of LH and FSH, which ultimately triggers the cyclic reaction of the menstrual cycle.
Findings have characterized that GnRH function is expressed through a series of pulsatile
secretions.If the pulsatile release of GnRH increases, its levels in the body are higher.
The higher levels of GnRH can be correlated with the width of GnRH curve: as the
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concentration of GnRH increases, its width increases, and viceversa. For this reason,
this study focused on the impact of width of GnRH. Through this analysis, we can
determine a quantifiable impact of GnRH on LH and FSH, which ultimately control
the transition between follicular phase, ovulation, and lutheal phase . For this purpose,
the following equation was modified from [5] to capture the periodicity of GnRH pulse
behavior:

2
t
GnRH(t) = g1 + g2 - exp <—gg . sin((w . %> +g4> ) (5)

given g1, g2, g3, g4 positive parameters. The basal concentration of GnRH is represented
by the value of g;. The amplitude of the GnRH curve is represented by go, at which the
time GnRH reaches its peak along the interval is given by the value of g4. The width
of the curve of GnRH depends only on the value of g3. If g3 increases, the width of the
curve decreases, corresponding to less pulsatile release of GnRH. In contrast, for small
values of g3, the width is larger, which represents more pulsatile release of GnRH (see
Table 3).

Equation 5 was used together with Equations 4b to 4f to get a different modeling
approach to study the pulse behavior in our original system of equations. Then, we
created a MATLAB code to find numerical solutions for the second model. These
results were used to calculate the width, maximum peak, and time at which the peak
occurs for LH and F'SH concentration curves (see Section 3.3).

Table 3: Parameters of GnRH(t) given by Equation 5.

Parameter | Description Units
g1 Basal concentration of GnRH(t) | 42

g2 Amplitude of GnRH(t) Bl

gs Width Parameter unitless
ga Phase Parameter unitless

3 Analysis

In this section we seek qualitative results on what effect GnRH has on LH and
FSH. This can be achieved using system 4 by studying the occurrences of the system
of hormonal regulation as GnRH is changed.

3.1 Description of Data and Parameter Estimation

First we start with the estimation of baseline parameter values used on our model.
The parameters used during analysis were obtained from two sources. In both Reinecke’s
and Brueggemann’s models of the menstrual cycle, nonlinear least square approaches
were used to estimate parameters [9, 5]. In the GynCycle model, Reinecke uses four
different sources for experimental data with sample sizes ranging between 6 to 33 healthy
women between all within the ages of 18 and 40 and with average cycles [9].

For the differential equations of GnRH, LH, and F'SH, parameter values from Rei-
necke’s model were used. For the differential equations of Fs, Py, and D, parameter
values of Brueggemann’s model were considered. Together these values were used as a
baseline of parameter values for the model, see Table 5 in A.1

105



Table 4: Estimated initial values of the state variables of the system of ordinary differ-
ential equations that produce periodic pulses.

State Variables Definition Value | Unit
GnRH Gonadotropin Release Hormone | 1.000 £
LH Luteinizing Hormone 25.34 £l
FSH Follicular Stimulating Hormone | 142.5 £
E2 Estradiol 16.387 | 4
P4 Progesterone 1.200 ""L“’l
D Precursor 1.000 | mmof
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Figure 3: Numerical Simulation of the concentration of hormones as a function of time
in our model with baseline parameter values as shown in Table 5.

Figure3 shows the concentration of hormones as a function of time for one menstrual
cycle. Since the parameter values used were taken from more complicated models, this
simulation does not resemble what happens during a normal cycle. Thus we modified
baseline values to obtain a numerical stimulation that more closely resembled the pat-
terns we know to be true of hormonal regulation in an average menstrual cycle [8]. These
parameter values were then used for the rest of our work as the basis of our analysis.
Many of the key components of the menstrual cycle are described in a reduced model of
a complex dynamical system, however it comes at the expense of having less quantitative
results.
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Figure 4: Representation of changes in hormonal concentration over a 28 day menstrual
cycle using the parameter values from Table 6 using initial conditions provided in Table
4 above.

With a vector of initial conditions at t(0), the simulation in Figure 4 shows that
at as t(0) — t(1) = day 1, Fy and P, increase followed by the increase of GnRII.
FSH starting at tg decreases, meanwhile GnRH begins to increase, followed by the
increase of FF'SH and LH. In a normal cycle, a peak of LH and F'SH around day
14, when ovulation occurs. However, in Figure 4 F'SH peaks around day 8. Although
the simulation is not quantitatively accurate, the behavior of the system qualitatively
coincides with what is known to occur during an average menstrual cycle such that Fs
activates GnRH and GnRH stimulates the release of LH and FSH [8].

3.2 Numerical Simulations of 6 Ordinary Differential Equation
Model
In this section we show simulations of our model in order to demonstrate the min-

imum value at which stimulation and inhibition occur for GnRH and for what values
threshold parameters must be in order to have periodicity within a cycle.

3.2.1 Minimum concentration for stimulation

By definition of the Hill Function we know that in a biphase Hill function (Equation
3),/T1 - T is the minimum concentration of the S hormone for stimulation [9].
First let ¢; > 71, that is the threshold value of stimulation of GnRH by F» is greater than
the threshold condition of GnRH, also by Es. The minimum value of the Hill function
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il E}? . . min .
7,?1iE;1 + qlnz_iE;Q with ny = ng = 1is EJ"" = /g1 - r1. In a plot of concentration

of By over time, there are two intersection points, 7" and t5'** for valus of E, as
£ = /q1 - r1. That point separates the determinants of stimulation vs inhibition in
P B2

1
T
1
T‘T1+E;1 + qT2+E;2 .

For example, when q1 = 75 and r1 = 8, /q1 - 71 = 24.4949. Observe that N s
approximately around day 1 and ¢5'** is approximately around day 10. As expected,
for values of ¢ in [¢74",5'%%] stimulation of GnRH primary occurs.

Figure 5 provides the concentration of GnRH over time, it can be seen that, although
there is a slight delay, around days 1 through 10, GnRH is still being stimulated. Before
day 1 and after day 10, GnRH reaches an equilibrium showing inhibition of GnRH. We
have to keep into consideration that GnRH is also effected by C; and its natural decay,
w1, and variation of these affect also the simulation of GnRH.
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Figure 5: Concentrations of GnRH by the impact of F5.The minimum concentration
of Fs in order to stimulate GnRH in the h*~ is shown by the dotted line provided by
Table 6.

3.2.2 Impact of the threshold condition of stimulation of GnRI on the
system.

Let q1 > r1, that is that the threshold parameters of the stimulation and inhibition
of GnRH dependent on Ey. Then there exists an interval (¢7**", gi***) such that GnRH
produces periodic behavior or reaches an equilibrium after a certain time, t* as shown
in equation 6.

periodic for ¢V < q < gino®

(6)

lim; oo = GnRH*, otherwise

GnRH(q) = {

Figure 6 shows the description of GnRH(q) on a line.

<< f f I =

r Q1 (min) g2 (max)

Figure 6: GnRH reaches will lose periodic behavior when ¢ < ¢[*™ or when q > ¢§*%*.

When ¢ < ¢¥" or when ¢, > ¢7**®, GnRH reaches a steady state which halts the
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system as time goes to infinity as also seen in Figure 6. When ¢; > ¢]*** periodicity of

the system will come to a halt.
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Figure 7: For g; = 55 the system will eventually reach a steady state as time goes to
infinity. The dotted line in F5 represents the minimum concentration on Es to stimulate
GnRH.

Figure 7 shows the solution of 4 and the rest of the parameters are taken as Table
5 when ¢ = 55. It can be seen that the system eventually reaches a steady state;
therefore, disrupting the system. It can also be noticed that the peak of Fy occurs
sooner and at lower levels than that seen in Figure 5 and that the peak in GnRH also
occurs soon and at a much smaller level. F5 will have impact on the stimulation of
GnRH because it will not stimulate at the higher levels. Lower levels of GnRH will
lead to less stimulation of LH and F'SH. Since the system shows to lose periodicity, it

can be assumed that ¢ is less than ¢**".
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Figure 8: For ¢; = 900 the system reaches a steady state.
represents the minimum concentration on Fs to stimulate GnRH.

Similarly, when ¢; = 900, GnRH, LH, FSH, FE5, and P, lose periodicity and
therefore the system goes to a halt. The time interval where Ey stimulates GnRH is
larger; however, GnRH decreases in the time before Fy can stimulate. This means that
F5 will have minimal to no concentration of GnRH and in turn GnRH can be seen
to provide not much stimulation to F'SH and LH, and as a consequence leading to a

decrease in GnRH, LH, and FSH.
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Figure 9: Hopf Bifurcation is shown for ranges of the conversion factor of GnRH by
ranges of the threshold value of stimulation of GnRH dependent on FEj.

In order to understand within what intervals can ¢; be for there to be periodicity
within the system it must be known at what point the system loses its stability. Through
numerical analysis preformed using XPP-Auto we were able to find the Hopf Bifurcation,
shown in Figure 9, for ranges of the conversion factor of GnRH, Cy, by ranges of q;.
Within the region over the line exists all values of C; and ¢; where periodic solutions
of the system exist. Below the bifurcation curve exists all values of ¢; and Cy where
the system leads to a steady state. We only look at values within the region because
it is necessary to have periodic solutions in order have periodic effects in the menstrual
cycle. We can conclude from 9 that the value of Cy gets smaller the range of ¢;, where
the system is periodic, gets smaller as well.

3.3 Numerical Simulation for GnRH Pulse Function

In this section, we use Equation 5 together with Equation 4b to 4f in order to built
a second system of ordinary differential equations that shows periodicity behavior. This
new system gives a better approximation to the behavior of the curves of concentration
for all the hormones compared to the original system of differential equations. We
analyze the effects of varying the width of the curve of GnRH on the curves of FSH and
LH. The width of GnRH gives us a way to measure the release of GnRH by saying that
as the width is larger,the levels of GnRH increases.

For this purpose, we varied the width of the GnRH curve by changing g3 (for defini-
tions of g; parameters see Table 3). On the other hand, we fixed the basal concentration
of GnRH, its amplitude, and the peak time to g; = 142, go = 99952, and g4 = 1.78,
respectively. We use the initial conditions given as in Table 4 . Then, for LH and FSH
hormones, we analyze how the width, the value of the peak, and the time at which the
peak is achieved are affected as g3 varies.

Let us denote L H3 as the width of LH, F'SHj3 as the width of FSH. We plot g3 versus
LHs; g3 versus the maximum concentration of FSH and LH, denoted as Max LH and
Max FSH, respectively; and g3 versus the peak time for LH and FSH(t,,42)-
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Figure 10: (a) g3 vs. LHjs, shows that the increment of the width of GnRH increases
the width of LH; in addition, the rate of change of LHj is positive respect to gs. (b)gs
vs. Max LH, shows that as the width of GnRH decreases (i.e. g3 increases), the max

of LH also decreases. (¢) g3 vs. taranrm, shows that LH achieves its peak earlier as the
width of GnRH decreases.

In figure 10a shows that as the width of GnRH decreases, the width of L H3 decreases
as well. This effect can be seen in Figure 12 and Figure 13. On the other hand, 10b
describes graphically that the decrease of width in GnRH decreases the peak of LH
levels. For example, 12 and Figure 13 shows a peak of LH to be 554:.9%‘Z for g3 = 10 and
2649% for g3 = 5. Moreover, Figure 10c shows that when the width of GnRH decreases,
the period of time at which LH rises its peak is smaller. Additionally, since 10a is a
concave graph, the rate change of I.H3 respect to g3 is decreasing, which suggests that
for larger values of g3, LHj3 is less affected by varying gs. Figure 10b and 10c suggest

that for larger values of gsm Max LH and tps4,r g varies very little. ( Two examples
are shown in Figure 12 and Figure 13.)
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Figure 11: In (a), g3 vs. F'SH3, we can see that the decrease of the width of GnRH
decreases the width of FSH. (b) g3 vs. Max FSH, shows that there is a maximum at
g3 = 10 for Max FSH. (¢) g3 vs. tmaxrsu, shows that FSH achieves its peak earlier as
the width of GnRH increases, but there is also small width of GnRH that decreases the

time at which the maximum peak is achieved.

Figure 11 shows three different graphs. Figure 11a , g3 vs. F.SHgs, shows that the
width of FSH increases as g3 increases.We can see two examples in Figure 12 and Figure
13 were it is shown a peak of FSH at 813.25¢ for g3 = 10 and 677.352 for g3 = 5.
However, in contrast to the case of LH, the rate of change of width of FSH respect
to g3 is positive. In addition, Figure 11b represents the impact of GnRH width on the
maximum level of FHS. This image shows a concave graph of Max FSH vs. g3, achieving
its maximum at g3 = 10. For this reason, there is a region around this values where
the peaks of FSH decreases by varying gs. Moreover, looking at Figure 11c we can
see that there is two local maxima and one local minimum at g3 = 4.25, g3 = 10.75,
and g3 = 5.55, respectively. We can see that between the two maxima there is a huge

variation in the values of t,,..rsg. Also, for values smaller than g3 = 10, changes in g3
will affect more the value of t,,4. sy than for values greater than 10.

Additionally, we also performed a numerical simulation that shows the levels of each
hormone during a period of 28 days using Equation 5 together with Equations 4b to 4f.
The results are presented in Figure 12 and Figure 13. These graphs show the sinusoidal
behavior of GnRH, LH, and FF'SH. We can see that this model give us a much better
peak time of GnRH, LH, and F'SH compared with those of Figure 4.
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Figure 12: Numerical simulation for the effect of the width of GnRH(t) (g3 = 10 ) in
the other hormones producing pulses on all.
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Figure 13: Numerical simulation for the effect of the width of GnRH(t) (g3 =5 ) in the
other hormones producing pulses on all.

4 Sensitivity Analysis

Sensitivity analysis (SA) determines how changes in an input, e.g. a parameter
value or an initial condition of variables of a model affects changes in its output [3]. SA
considers the ratio between the output perturbation and input perturbation given by:

_ Dl o o
P ]| o
where H # 0, « is a parameter, and H is an output of interest.

For this research, local sensitivity analysis of parameters was performed using the
parameter values from literature, Table 5, and from parameter estimation, Table 6. In
particular, sensitivity analysis to the solutions of the model per day was performed for
values that affect the production of GnRH, i.e. r1 and q.

The objective of sensitivity analysis is to understand the qualitative behavior of
GnRH effects on LH, FSH, Fs, and P4. The SA to D will not be considered for this
analysis given that it is a precursor to P4. The parameters considered for the analysis are
ry and ¢; from Equation 4a. The parameter r; represents the threshold concentration
value of F5 that controls the inhibition mechanism for GnRH, and ¢; represents the
threshold concentration value of F5 that controls the stimulation mechanism for GnRH.
Qualitatively, these two parameters are those that affect the rate of change of GnRH
the most and their sensitivity comes from the fact that they are the two parameters
within the biphase Hill function in Equation 4a.

FEighteen ordinary differential equations were taken into account: six equations come
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from the Forward Problem (FP) (Equations 4a to 4e); and twelve equations from the
Forward Sensitivity Equations (FSE). To get the FSE we use partial derivatives of the
steady state with respect to r; and ¢;. For the calculations of the sensitivity indexes of

Equations 4a to 4e see Appendix B.
To find the initial conditions for the twelve Forward Sensitivity Equations we take
the sensitivity index equal to one at t =0, i.e.,

(%%) LZO —1. (8)

The system of ODE’s with twelve equations was solved using the N DSolve function
on the software Mathematica. The SA results for the parameters obtained in literature
are shown in Figure 14.
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Figure 14: Sensitivity indexes of GnRH, LH, FSH, Ey, and P, respectively with
respect to r; and ¢; as time changes using parameters given in Table 5.

The simulation of the sensitivity analysis of the system using the parameters given
in the literature show no significant changes in solutions according to how the values of
r1 and g1 change. For example, for the parameter values given in Table 5, the impact
of changing values r; and ¢; are more significant for F'SH and FE5. However, in both
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cases, the sensitivity indexes are positive, meaning that increasing r; and ¢; values by
1% will increase Es and F'SH. However, as time progresses, after 8 days, the impact
that r; and ¢; have on both F'SH and F5 diminishes until eventually there is no effect.

It is important to note that the sensitivity analysis with respect to the literature
parameters in Table 5 do not accurately reflect the expected periodic behavior of the
hormones. Equations 4a to 4e are made up of feedback mechanisms meaning that the
five hormones GnRH, LH, FSH, Fs, and P, all have negative and positive impacts
on the concentration of one another. Therefore, it is evident that the parameters used
must be adjusted to achieve the expected qualitative and quantitative results, as was
done in Section 3.1

Through parameter estimation, the values in Table 6 were then used to accurately
reflect the expected behavior of the model. The results of SA are shown in Figure 15.
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Figure 15: Sensitivity Index of GnRH, LH, F'SH, Fs, and Py, in (a) to (e), respectively.
Sensitivity Analyses with respect to 1 and ¢; as time changes using parameters given
in Table 6.

Figures 15a to 15e show that all hormones are highly sensitive to changes in r; and
¢, with a set of parameter values that replicate the qualitative behavior of the hormones
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in the menstrual cycle. Figure 15a illustrates how the sensitivity indexes of GnRH
change with time for r; and ¢;. Recall that r; and ¢ are the threshold concentration
values with respect to Fy that inhibit and stimulate GnRH, respectively. It was found
that GnRH is sensitive to changes of r; and ¢; when 0 < ¢ < 1 day, but sensitive to r;
by a greater magnitude when 11 < ¢ < 27 days. This means that when r; and ¢; are
increased by 1%, the concentration of GnRH increases by 1% lor the first time period,
but increases between 1% to 10% for 11 < ¢t < 27 days when 7y increases. On the other
hand, 15a suggests that GnRH is sensitive to q; on a greater magnitude than r;, and
that GnRH is sensitive to ¢; at all times.

When 1 < ¢ < 7 days, if ¢ is raised by 1%, then GnRH will decrease between 1%
to 10%. Given that GnRH is vital during the follicular stage for the induction of the
menstrual cycle, GnRH would be highly sensitive to changes in threshold concentration
values during the beginning of the menstrual cycle since certain levels of Ey are needed
to stimulate GnRH. From Figure 4, we observe that Fs levels are only beginning to
rise at about this time as ¢; increases, so if the threshold concentration value that
stimulates GnRH is increased, it will be difficult for Fs to reach that increased value,
thus preventing GnRH from increasing. However, after the follicular phase, when 7 <
t < 12 days, GnRH has already signaled the release of LH and F'SH which also leads to
the increase in concentration of Fsy. Since F levels are now high at this point, and if ¢; is
increased by 1%, then GnRH will be stimulated, leading to the increase in concentration
by about 5%. The trend changes once again after 12 days when Fj has decreased (see
Figure 4), implying once again that if ¢; is increased, Fo will be unable to stimulate
GnRH, thus allowing GnRH to decrease from 1% to 15%. Additionally, Fy increases
at the end of the cycle during the luteal phase, meaning that if g is increased by 1%, it
is possible for GnRH to increase by about 5%. This lends to a greater understanding
as to how levels of 5 greatly affect GnRH and at what time periods.

Considering the sensitivity index of LH with respect to changes in 1 and ¢, (see
Figure 15b), the change in ¢; has a greater effect on LH compared to the effect caused
by the change in r;. For 0 < ¢t < 6 days, if 71 is increased by 1%, then the concentration
of LH will increase by about 1%. However, the relationship transitions for 6 < ¢t < 16
days such that increasing r; will decrease LH by about 0.5%. Furthermore, after 16
days, increasing ry will increase LH by 1%. This analysis shows that changes in the
threshold concentration value for Fo that inhibits GnRH has a very small effect on
the concentration of LH, meaning that if GnRH is inhibited, LH will still be released.
On the other hand, since the sensitivity index with respect to ¢ is negative after 4
days, if ¢; increases by 1%, LH will decrease by up to 9%. The magnitude is less for
8 <t < 13 days when the concentration of Fs is decreasing. However, at this point, LH
has already increased towards its maximum concentration value (see Figure 4), meaning
that increasing the threshold concentration value that stimulates GnRH will decrease
the concentration of LH on a smaller magnitude given that LH is already increasing.
Additionally, if ¢; is increased, recall that GnRH will be prevented from increasing for
most of the 30 day period. Similarly, LH will also decrease during this time period. This
shows that the release of GnRH leads to the release of LH, suggesting that when it is
difficult for F5 to meet its threshold concentration value required for GnRH stimulation,
LH will also be released at much lower concentrations.

In the case of F'SH, the sensitivity index with respect to 71 and ¢; is very similar to
that of GnRH (see Figure 15c). However, the time periods are shifted which suggests
that there is a time period accounted for when GnRH is signaling to the release of
FSH. This is also observed in Figure 4 in which the peak of F'SH occurs after the
GnRH peak. In Figure 15¢, for 0 < { < 4 days, if r; and ¢ are increased by 1%, F'SH
will increase by 1%. Additionally, for 4 < t < 9 days, if ¢; is increased by 1%, FSH
will decrease up to 7% which is 3% less than what GnRH would decrease by at this
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time. This trend continues, such that F'SH is sensitive to changes in g; on a greater
magnitude compared to 1. Although the time periods for high sensitivity are shifted in
Figure 15c compared to 15a, this indicates that F'SH is dependent on FEs in the same
manner as GnRH because the release of F'SH is induced by GnRH. Additionally, F'SH
is sensitive to changes in r; and ¢; to a smaller magnitude because GnRH acts as an
intermediary stage, meaning that the effect of E5 on F'SH is lessened due to the direct
relationship between GnRH and F'SH.

The sensitivity index of Fo with respect to r1 and ¢; are nearly opposite to that
of GnRH, LH, FSH, and P;. Observe that whenever ¢ is increased, Fy will also
increase. This is because if the threshold concentration value needed to stimulate GnRH
is raised, levels of Fo will increase in order to fulfill its role as a hormone. Observe that
for 0 < t < 5 days, if ¢ is raised by 1%, then Es increases up to 1%. This percentage
is small because Es has already began to increase, meaning that it is possible for Fy to
account for the increase in ¢;. Notice that the sensitivity magnitude with respect to ¢ is
much greater for 7 < t < 14 days. At this time period, the menstrual cycle is preparing
for ovulation, implying that hormones are required to be at certain levels during stage
transitions. Therefore, changing threshold concentration values will extremely aflect o
which is needed to regulate GnRH which regulates the other hormones based on the
feedback mechanisms observed in System 4. Moreover, F5 is also highly sensitive to
changes in both r; and ¢; during the luteal phase and towards the end of the menstrual
cycle. This is because at this point, the concentration of Fy needs to increase in order
to prepare for the follicular phase when GnRH is required to induce the menstrual cycle
once again.

Figure 15e illustrates the sensitivity index of P; with respect to r; and ¢;. For
0 <t <1 day, if r, and ¢ are increased by 1% then P, also increases by about 1%.
This suggests that at this time period, the inhibition and stimulation of GnRH caused
by L5 greatly affect the change in concentration of Py. After 1 day, r1 has little effect on
P4 until about day 15 when the sensitivity index begins to rise, meaning that increasing
r1 by 1% increases Py by up to 1%. For 15 < ¢t < 30 days, P, raises between 0.1% to
0.9%. Ultimately, P, is highly sensitive to g1, such that at any point after day 5, if ¢; is
raised by 1%, P, decreases by up to 2%. When the threshold concentration value of Fs
that stimulates GnRH is increased, P, is prevented from increasing, just as GnRH is
prevented for most of the 30 day period if ¢; increases. If the concentration of GnRH
decreases, then so does Py. This confirms our understanding of the menstrual cycle such
that the release of GnRH leads to the release of P,. Thus, the increase of Py is highly
dependent on both F; and GnRH suggesting that if a woman has usually low or high
progesterone levels, then the cause may be due to irregular regulation of Fs.

Altogether, the sensitivity analysis reflects the expected variations in concentration
over time of GnRH, LH, FSH, F5, and Py when the threshold concentration values
of E5 that control the stimulation and inhibition of GnRH are varied. We are able
to conclude that the hormones are sensitive to r1 and g1, but they are affected by ¢,
the threshold concentration value of Ey that stimulates GnRH, to a greater extent.
Through this analysis, we observe how r; and ¢; affect GnRH, LH, FSH, Es and Py
and at what time periods these hormones are most sensitive. Ultimately, by observing
all sensitivity indexes with respect to the parameter values from Table 6, it is evident
that the hormones are extremely sensitive to the change in 71 and ¢; during phase shifts.
These changes are observable at the end of the follicular phase. It is plausible that the
concentration of hormones would be highly sensitive at this point because the menstrual
cycle is preparing for ovulation which occurs during the middle of the cycle. Similarly,
sensitivity is high for all hormones at the end of the luteal phase which occurs right
before the female body begins another menstrual cycle. It is unsurprising that these
dynamics would occur at phase shifts given that hormones are required to be at certain

119



levels in order to properly induce each the follicular phase, ovulation, and the luteal
phase.

5 Conclusion

The complexities of the menstrual cycle were captured by the decomposition of two
independent studies into six non-linear differential equations to model the dynamics of
hormonal regulation over a 30-day period. As parameter estimation was challenging,
simulations and analyses were performed in order for the model to reflect the qualitative
behavior and essential characteristics of hormone levels during the menstrual cycle.

Simulations of the model were performed to understand how changes in parameters
in the differential equation for GnRH impact the disturbances in the behavior of LH,
FSH, Esy, and P;. By analyzing these disturbances and utilizing the necessary param-
eter values of GnRH for our model, we showed how sensitive the system behaved when
parameter values were not in the appropriate range. This illustrated how the behavior
of the hormones changed drastically when GnRH parameters were altered.

In addition, by using our second model which consider Equation 5, we conclude that
since the larger width of GnRII represents high levels of GnRII for larger period of
time, Figure 10 suggests that a larger time interval expositions to GnRH produces a
larger time interval production of LH, and at the same time increases the maximum
levels of LH. Specifically, the 10c suggests that decreasing the width of GnRH decreases
drastically the time of maximum release of LH, and consequently will affect the time
at which the production of Py and K5 happens. In addition, Figure 1la shows that
if the concentration of GnRH per day decreases, the concentration of F'SH per day
also decreases. Moreover, in Figure 11b as the GnRH concentration decreases, the
maximum level of F'SH concentration increases until certain value corresponding to
gs = 10 . Moreover, Figure 11c shows that higher concentrations of GnRH for larger
interval of time produces huge variations in the time of maximum release of F'SH. In
general, comparing the shapes of Figure 11 and Figure 10 we suggest that 'S H is more
affected than LH by changes of GnRH concentration. In general, comparing the shapes
of Figure 11 and Figure 10 we suggest that F'SH is more affected than LH by changes
of GnRH concentration.

In addition, we performed a sensitivity analysis that revealed the effect of the two
parameters, ¢; and r; that directly affect the change in concentration of Gn RH, provided
that they are the threshold values that determine the output of GnRH. The sensitivity
analysis showed that the threshold conditions of Fo that inhibit and stimulate GnRH
played a significant role on the production of the hormones. Ultimately this led to a
strong understanding of not only how our model behaves, but also how sensitive each
hormone is during specific time intervals. Sensitivity levels are significantly higher before
ovulation and the follicular stage which shows how both r; and ¢; are required to be
within the correct range in order for hormones to be at the vital concentrations for the
menstrual cycle to occur as expected. Additionally, sensitivity varies during certain time
periods which suggests that any treatment for menstrual irregularity would be highly
dependent on timing of dosages.

In creating a model that qualitatively captured the hormonal behavior in the men-
strual cycle that was still simple enough to better interpret relationships between GnRH,
LH, FSH, FEs, and Py, we were able to capture results that could be helpful in hor-
monal therapies. By identifying time intervals during which certain hormonal changes
are more drastic, it is possible to better regulate when treatment delivery will be more
efficient. Future studies can use this model as a basis for further research on external
influences of GnRII.
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A Appendix
A.1 Tables

Table 5: Parameter values of the system of ordinary differential equations given by
literature

Parameter Value Units Reference
e} 133.3447 g 0]
s 102.4000 o [9]
Cs 16.3680 g [9]
Ca 16.6120 g [9]
Cs 186.3917 "9?/ L [5]
Ce 4.4833 1 [5]
Cy 202.2639 | ne/L [5]
Cs 1.0303 % [5]
Co 0.8848 ; [5]
Cio 0.0715 novd [5]
Cn 0.9795 | mmol/L [5]
ni 1.0000 unitless 9]
ng 1.0000 unitless 9]
ng 1.0000 unitless 9]
ng 1.0000 unitless 9]
ng 1.0000 unitless 9]
ne 0.9994 unitless 9]
nr 1.0010 unitless 9]
ng 0.9996 unitless 9]
ng 1.0000 unitless [9]
nio 4.0000 unitless [5]
nii 4.0000 unitless [5]
ni2 4.0000 unitless [5]
nis 4.0000 unitless [5]
n14 4.0000 unitless [5]
nis 4.0000 unitless [5]

a 207.8000 g [9]
@ 348.8000 sl [9]
a3 1.3010 nmol [9]
@“ 638.8000 ,% [9]
. 0.3118 i [9]
a6 115.0282 Ll [5]
ar 200.5842 urc [5]
a8 0.3265 nmol [5]
q0 0.0897 nmol 5]
- 7.8290 4 [9]
ra 0.04647 4 [9]
r3 4.1590 ”Z"l 9]
4 42.0900 i [9]
s 3.4154 Ll [5]
6 3.8448 nimol [5]
« 1.4030 b

8 215474 | - od :

'I?O

5t 26.7584 q 9]
12 15.7300 7 [9]
13 1.7790 L [9]
14 0.2590 ; [5]
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Table 6: Parameter values of the system of ordinary differential equations solved using
parameter estimation.

Parameter Value Units References

C1 0.9 %g

Ca 1000 £g

Cs 5.3 i

Cy 5.9 g

Cs 2.39 ng/L

Cs 2 %

Cq 8.26 ng/L

Csg 1 i

Cy 1.47 %
C1o 5.5 Tgrd
Cn 2.9695 | mol/k

ni 10 unitless

no 10 unitless

ns 2 unitless

ng 2 unitless

ns 2 unitless

ne 2 unitless

ny 2 unitless

ng 2 unitless

ng 2 unitless
nio 2 unitless
nii 2 unitless
nig 2 unitless
n13 4 unitless [9]
n14 4 unitless [9]
n1s 4 unitless [9]

q1 75 g

@ 125 2

g3 100 nzol

q4 7 T

a5 50 %

% 500 4y

a7 1.58 %

as 110.6 ool

q0 0.089 nmol [9]

1 8 @

T2 20 %

T3 700 amol

T4 20 7=

s 90.415 )

r6 5.844 naol

[ 1.4030 nﬁ

8 21.5474 ngo .

u1 0.9 =

2 0.2 i

u3 0.5 i

4 0.89 g
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Table 7: Initial values of the state variables of the system of ordinary differential equa-
tions taking from experimental data.

State Variables Definition Value | Unit | Reference
GnRH Gonadotropin Release Hormone | 1.201 £ 9
LH Luteinizing Hormone 4.465 H 9
FSH Follicular Stimulating Hormone 52.34 H 9
E2 Estradiol 35.4756 | 4 5
P4 Progesterone 1.5793 | nmol 5
D Precursor 1.000 [ Zmol
B Forward Sensitivity Equations
Consider,
dGnRH
T = fl (EQ, GnRH) (9)
LH
dT = fg(EQ,P4,GTLRH, LH), (10)
FSH
WM _ fo(m, Pr, R FSI), ()
E
% = f4(FSH,LH, Fy, Py), (12)
dPy X
R D, Py), 13
= 5D F), (13)
(14)

Then, our Forward Sensitivity Equations is given by,
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dt 9ry ~ OGnRH 0r 8_E2 ary 8_1“1 (15)
d 0GnRH _ Ofi  0GnRH  Of1 0E; 0fy (16)
dt 8q1 O0GnRH aql 8E2 8(]1 8q1
dOLIL_ 0fs 0By | 0f 0Py Ofs OGnRH  fy OLH 0fy an
dt 67’1 6E2 87'1 6P4 87"1 O0GnRH 87”1 OLH 87'1 87”1

_ 1
3 00 0B 0n T orion T oamrm on tonidon ton (M

dOFSH _ 0fs 0Ly  Ofs 0Py dfs 0GnRH 0fs OFSH  Ofs

dt 9ry 02 dr1 0Py dry  OGnRH dr grsi o an Y
dOFSH _ Ofs 0By  Ofs 0P dfs OGnRH _ dfs OFSH _fs 20)
dit 8q1 BEQ 8(]1 8P4 87”1 O0GnRH 87’1 OFSH 8(]1 8q1

d OBy  8fy 0B, Ofs 9P, Ofs OLH  9f, OFSH Ofs

Al or 0B, o, T 9P, or T OLH or, T 9FSH or | or (21)

d 0By  Ofy 0By  Of, 0Py  Ofy OLH  Ofy OFSH  dfs

@00 0B, 00 9P, 0q | OLH g | 9FSH du | om (22)
AdOP_0fs 0P 0f; 0D Of )
dt 87”1 8P4 87”1 oD 8’1"1 87‘1

doPy _3fs 9Py OfsOD  Ofs 20)

dt O¢i 0Py 0q1 ' 0D dq1 ' Oqu

d oD  9fy OLH ;0D 9
dor  OLH or T oDor  on (25)
dOD  dfs OLH _dfsdD _ dfy

dtdq  OLH 8¢ 9D dq ' Oq

(26)

Forward Sensitivity Equations where f1, fo, f3, f4, andfs represents the ordinary differ-
ential equations for GnRH, LH, FSH, E5, and Py respectively.
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