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Equations (1-3) describe the dynamics of the population that smoked at least once
before age 11. Likewise, Equations (4-6) describe the dynamics of the population that did

not smoke before age 11.

3 Dynamical Analysis

The basic reproductive number, Ry, represents the average number of secondary smokers
generated by a “typical” regular smoker during an average period of regular smoking in a
mostly non-smoking population. An epidemic always occurs when Ry > 1.

On average, when Ry < 1, more smokers leave than enter the system and the total
number of smokers decreases. It has been observed that in certain socially transmitted
processes that incorporate relapse, epidemics are possible even with Ry < 1 [25, 24]. In
our model we consider the effects of high relapse rates on the conditions necessary for a

smoker free equilibrium. Thus, it is important to analyze the behavior of the system for



Table 2: Explanation of Basic Reproductive Number

Component Meaning
061 Per capita “infection” rate of smokers who smoked at least once before age 11
¢>1£ru Average smoking period in S
El’jrﬂ Fraction of “at-risk” non-smokers in Ny
B Per capita “infection” rate of smokers who did not smoke before age 11
¢21+u Average smoking period in S
J2 : « 1 9 :
S Fraction of “at-risk” non-smokers in Ny
Ry < 1.

3.1 Basic Reproductive Number

The smoker-free equilibrium (SFE) of the system is:

* * * * * * * ur ,Lt(l B ’I") er €2 (1 - T)
Sy S0 N No L Q1,00 P*) = (0,0, , 0,0, "
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and the basic reproductive number is,

_ b A—r)f  n
=Gt m Grm  Gatw @t

See Appendix 10.1 for detailed calculations of Ry. Ry has distinct contributions from each

class of smokers defined in our model. Table 2 explains the components of Ry.

3.2 Backward Bifurcation Analysis

We evaluate the Jacobian of our system of differential equations (1-7) at the SFE and

compute appropriate left and right eigenvectors to determine the type of bifurcation our



system exhibits at Ry = 1. From this, a critical value, a, exists when Ry = 1 such that, for
a < 0 our system has a forward bifurcation[25]. For a > 0 our system exhibits a backward

bifurcation [25].

0 f
a = zk: Zz]: 78%81:]- Wiw;vg (9)

where Equation (9) is defined in Section 10.2.

Theorem 1. If

vy,
m n

backward bifurcation occurs at Ry = 1, where

A= (¢2+'u) [(52+M)(¢2+M)—Mﬁ2(1—r)}
Bo(1 = 7)pu(p + 1)
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See Section 10.2 for proof of Theorem 1.

From Theorem 1 we know that for large relapse rates an “epidemic” of smoking may
occur even if Ry < 1. The backward bifurcation curve (Figure 3) illustrates the three types
of allowed equilibria for Ry < 1. The backward bifurcation comes from the non-linearity
generated by the relapse terms. Figure 4 illustrates the existence of a stable endemic and

a stable smoker free equilibrium for Ry < 1.
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Figure 4: Bi-stable equilibrium for Ry < 1

The cycle of quitting and relapsing due to social interactions is significant because it
can create enough secondary cases to compensate for the inability of current smokers to
influence other individuals to begin smoking. It is this cycle that allows the existence of
endemic equilibria for Ry < 1.

Figure 5 illustrates combinations of 11 and 9 that result in forward bifurcation and
combinations that results in backward bifurcation. Parameters used to generate this plot
were estimated from US data on adolescent smoking. See Section 4 for details on parameter

estimation.
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3.3 Endemic Equilibrium

Theorem 2 guarantees the existence of an endemic equilibrium for Ry > 1 when (6, =
Bo, ¢1 = ¢2, Y1 = 9, €1 = €9, a1 = «g, and r = 1. This is a special case where

experimentation with cigarettes prior to age 11 is not considered.
Theorem 2. If Ry > 1, there is a unique endemic equilibrium point.

Proof of Theorem 2 can be found in Appendix 10.3.

We have proven analytically and verified numerically that for Ry > 1 a unique endemic
equilibrium exists. The endemic equilibrium is locally asymptotically stable and the SFE
is unstable. A value of Ry > 1 always implies that an epidemic will result. These results
are significant because they show that we must focus on reducing both Ry and the relapse

rates in order to control teen smoking.

4 Estimation of parameters

There is limited data on the number of individuals per year who begin, quit, and relapse
into smoking that specifies whether or not the individuals have smoked before age 11.

However, more data is available for the total number of individuals who begin, quit, and

11



Table 3: Parameter Values

Parameter r 7 15} € 10) () «
Value/Range | 0.14 | 0.125 | 0.48 | 0.06 | 0.546 | 11-25 | 0.025-0.1
Source [17] 13] | 5] | [2, 8, 6]

relapse per year. We used this and other data to estimate r, 3, € ¢, ¥, and « for the entire
population [1, 2, 5, 6, 8, 13, 17]. These rates can be used to approximate (3;, €; ¢;, ¥;, and
a; for ¢ = 1,2. We used years as the units of time for our model, because most available
data is given in years. All rates have units year!.

w = .125. Individuals spend at most 8 years in our system. Thus the average rate that
individuals exit the system due to aging is %. The natural death rate for this age group is
ignored because it is insignificant compared to the the exit rate due to aging [4].

r ~ .14. According to a study that was done by Cancer Research UK approximately
14% of 11 year old children have experimented with cigarettes [17].

(B = .48. The U.S. Department of Health and Human Services estimates that 11.9% of
teens are current smokers. Additionally, 3,900 teens between the ages of 12 and 17 start
smoking every day [13]. Using this data, we estimated the percentage of adolescents that
start smoking each year. Dividing this percentage by the percentage of adolescents who
currently smoke gives the influence of peers on smoking (3).

€ &~ .06. There is no data available for the rate at which non-smokers abstain perma-
nently from cigarettes. We estimated that ¢ is low relative to the other parameters because
most middle school and high school students are not isolated from teens who smoke, so
they will remain susceptible due to social interactions with smokers.

¢ ~ .546. The CDC estimates that 54.6% of high school students try to quit smoking
each year [5]. We use this as the quitting rate.

11 < ¢ < 25. Estimated relapse rates usually range from 40 to 90% [8, 6]. Since relapse

rates are very high, we know v should be quite large relative to the other parameters.
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Evidence indicates that most people who relapse do so within the first three to six months
[1]. We let this be the average amount of time that an individual spends in one of the @;
classes. This time is denoted by t,, which can be expressed as one divided by the total

rate at which individuals leave the quitting classes.

1
ty = 10
1 N+a+¢751;52 (10)

Since data indicates that the number of teen smokers is currently approaching a steady
state, we assume that % is constant. Currently, 23% of high school students and 8%
of middle school students smoke [20]. Assuming half of the individuals between the ages of
11 and 18 are in high school and half are in middle school, 15.5% of the total population,

S1+852
T

T, are regular smokers, which gives = .155. Using this information as well as our

estimations for p and o we found the range for .

.025 < a < .1. Reports indicate that every year 2.5 — 10% of individuals who try to

quit succeed [2, 6]. We use this to approximate a.

5 Numerical Solutions

Solutions to our system show multiple endemic equilibria for Ry < 1. A unique solution
exits for Ry > 1. We use the parameter values and parameter ranges determined in Section
4 along with numerical simulations to obtain insight into the dynamics of current cigarette

smoking.

5.1 Curve fitting

Solutions to our model can accurately fit CDC data on cigarette smoking among adoles-

cents for the past 16 years. The parameters values we estimated in Section 4 were similar
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to those required for good fits. Figure 6 shows a good fit to CDC data. Initial conditions
were: N1 = 0.832r, Ny = 0.823(1 — ), S; = 0.177r, So = 0.177(1 — r), Q1 = 0, Q2 = 0,
and P = 0. Parameter values were: r = 0.14, u = 0.125, 81 = 0.95, 1 = 0.03, ¢1 = 0.45,
P =12, ap = 0.11, B2 = 0.73, g9 = 0.03, ¢p2 = 0.59, 1o = 7.21, and as = 0.11.

30 )
Time (years)

Figure 6: Model fitted to US data

Figure 6 indicates the percentage of adolescents who smoke will slowly decline for 20
years and then reach equilibrium at 12%. This result is in agreement with CDC reports
that teen smoking is approaching equilibrium [16].

We assume that children who smoke before age 11 become smokers at a higher rate
and relapse at a higher rate due to the “sleeper effect”. We assume individuals who did
not smoke before age 11 quit smoking at a higher rate. The two rates at which individuals
permanently quit smoking are the same.

Parameter values used to obtain a good fit result in Ry ~ 0.89. Parameter values
from other good fits also suggest Ry < 1. From Theorem 1 and Section 3.2 we know that
high relapse rates are the reason why there is currently an “epidemic” of smoking. This
is significant because it means efforts should be focused not only on reducing the rate at

which non-smokers begin smoking but also on reducing relapse rates.
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Table 4: Distribution of Parameters in Ry

Parameter | Distribution Mean
r Beta .14
I Generalized Pareto 125
Bi Gamma 0.95, 0.73
€ Gamma, 0.06
o; Gamma 0.45, 0.59

6 Uncertainty Analysis

We approximate a distribution for each parameter and use this information to perform
Monte Carlo simulations of Ry. This uncertainty analysis validates our calculation of Ry.

Values of r have a beta distribution with mean 0.14. Values of r can range from 0
to 1 because it is a proportion. We expect the beta distribution to be left skewed. A
value of r = 0 means that in a given sample zero children smoked before age 11. Likewise,
r = 1 means that all sampled children smoked prior to age 11. We expect most samples
will include at least some children that experimented, and samples with large numbers of
experimenters will be rare.

Values of © have a generalized Pareto distribution (whose PDF is a shifted exponential
function). The minimum value of p occurs when the natural death rate of individuals
ages 11 to 18 is zero. Values of p increase when natural death is included. There is zero
probability p will be less than 0.125 because individuals cannot spend more than 8 years
in our system. The natural death rate for adolescents in the U.S. is very small [4], so the
mean should be close to 0.125. For this reason, p has a generalized Pareto distribution
with threshold parameter of 0.125.

Gamma distributions are chosen for 3; because these parameters cannot be less than
zero and have a non-zero probability of being any positive number. Data suggest these

values are near 0.95 and 0.73 respectively.

15



Table 5: Monte Carlo Simulations - sample size of 100

Realization | Mean(Ry) | Std(Rp) | P(Ry > 1)
1 0.727 0.446 0.200
2 0.681 0.522 0.170
3 0.785 0.455 0.280
4 0.685 0.380 0.160
) 0.723 0.465 0.200
6 0.794 0.613 0.270
7 0.798 0.503 0.290
8 0.671 0.447 0.160
9 0.687 0.454 0.150
10 0.779 0.484 0.240
mean 0.7330 0.4769 0.2120
se 0.0163 0.0194 0.0170
cv 0.0703 0.1283 0.2543

Values of ¢; have gamma distributions with mean 0.06 because values are greater than
0 but are expected to be left skewed. A value of ¢; = 0 means that in a given sample 0%
of individuals who have never been regular smokers decide to permanently abstain from
smoking per year. Likewise, ¢; = 1 means that 100% of these individuals decide to never
smoke. We expect the values of ¢; to be left skewed because most adolescents cannot
isolate themselves from peers who smoke because they continue to interact with smokers
at school.

Gamma distributions with means 0.45 and 0.59, respectively, are chosen for ¢;. Data
suggests the rates at which smokers quit are likely to be from 48% to 54%.

Using Monte Carlo simulations we estimate a mean value for Ry of 0.7330. The prob-
ability that Ry > 1 is 0.2120. This validates our estimate in Section 5.1 that Ry is less
than one and high relapse rates are the reason for the smoking “epidemic.”

Table 4 is a summary of parameter information used to perform uncertainty analysis
on Ry. Table 5 presents results from Monte Carlo simulations of Ry and Figure 7 plots

the distribution of Rj.
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3 35

Figure 7: Distribution of Ry from Monte Carlo Simulations

7 Effects of education

There are many organizations that provide education about the health effects of smoking
and support for teens in an effort to stop adolescent smoking [3, 22]. Education on the
risks and costs of smoking can decrease the total number of adolescents who smoke. To
determine the impact education can have on cigarette smoking we study numerical solu-
tions of our model for various values of r, g;, ¢;, ¥;, and «;. Each of these parameters
can be affected through education. We assume education has a minimal effect on the
transmission rate (3;), due to the fact that transmission is a social process.

Children can be educated about the effects of cigarettes through classes in school,
after-school programs, and educational advertising. These methods of education can each
be used to vary different parameters. Because advertising reaches such a wide range of
individuals, it can have an effect on all parameters except u. Programs about smoking

implemented at the elementary school level can lower r. Educational programs in middle
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and high schools can influence €; because children who are educated about the dangers
and expenses associated with smoking are less susceptible to smoking. After-school pro-
grams for teens who currently smoke or have quit smoking could affect ¢;, ¥;, and «a; by
encouraging teens to quit smoking and giving them the support that they need to remain
smoke free.

We used parameter values from Section 5.1 and investigated the effects of varying these
parameters starting in the year 2007. These solutions give predictions for the percentage
of smokers for the next five decades. We first targeted pairs of parameters and then varied
multiple parameters simultaneously. We were able to determine reasonable goals for the
reduction of teen smoking and analyze the feasibility of meeting the CDC’s goal to reduce
smoking among high school students to 16% (or about 12% of 11-18 year olds) by the year

2010. We also compared the effectiveness of each educational approach.

7.1 Varying v¢; and 1,

From Theorem 1, backward bifurcation is determined by the relapse rates (¢, 12). From
Section 5.1 and Section 6 we know these relapse rates are responsible for the current
existence of smoking. To control smoking, it is important to decrease these rates to
break the cycle of quitting and relapsing. Smoking will eventually decrease to zero with
sufficiently small relapse rates when Ry < 1. Because relapse rates are currently very high,
significant changes are necessary for this to occur.

From Figure 8 we see that decreasing relapse rates by 25% is enough to meet the
CDC’s 2010 goal, and the percentage of smokers continues to decrease toward an endemic
equilibrium of about 9%. Decreasing relapse rates by 40% reduces the percentage of
smokers to about 5% in 50 years. When relapse rates are decreased by 60% the SFE is
approached because not enough people are relapsing to make up for the inefficiency of

regular smokers to recruit new smokers. This implies that Ry < 1 because ¥; and 9 do
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Figure 8: Predictions when 7 and 1, are varied

not contribute to Ry. It is important to note that smoking can be eliminated by targeting
only the relapse rates, although such a large reduction in these rates may not be feasible.

The CDC’s plans to help them achieve the 2010 goal do not currently include reducing
relapse rates. Measures to decrease relapse rates can begin by increasing the number of
anti-smoking programs that offer support to individuals who have already quit. Programs
designed to help individuals quit should provide follow-up resources so that individuals
can have support during the first weeks of being smoke free when they are most likely to

relapse [1, 9].

7.2 Varying r

The fraction of children who smoke before age 11 is small (r = 0.14) but it affects the

dynamics of the smoking population (see Figure 9). When r = 0, which means that no
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Figure 9: Predictions when r is varied

children smoked before the age of 11, the percentage of adolescent smokers eventually
approaches the SFE. However, the CDC’s goal for 2010 is still not met. Thus, focusing
education only on young children who have never smoked before in order to prevent a
“sleeper effect” is not sufficient. Elementary school anti-smoking programs must be used
in conjunction with programs for middle and high school students in order to produce
significant change.

In addition to educational programs at elementary schools, severe punishments for
adults and moderate punishments for minors who facilitate access to cigarettes for anyone
under 11 can decrease the number of children who have access to cigarettes and thus
decrease r. Decreasing r may be increasingly difficult because some children will always
find a way to obtain cigarettes. Although the “sleeper effect” is an interesting phenomenon,

it is not the most influential factor affecting adolescent smoking.
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7.3 Varying ¢, &9
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Figure 10: Predictions when e; and &9 are varied

Figure 10 shows that increasing the rates at which teens who have never been regular
smokers permanently abstain from smoking (g1, €2) causes a gradual decrease in the
percentage of adolescent smokers. A 75% increase will reduce adolescent smoking to about
7% in 50 years. The CDC’s 2010 goal would require a 300% increase in these parameters.
This change would be enough to also completely eliminate adolescent smoking in about
40 years.

Such a large change in these rates may not seem feasible. However, the rates are
currently so small that a 300% increase only makes ; = 0.09. This value means that 9%
of non-smokers choose to permanently abstain from smoking each year. Although this is a
significant change from the present value, it does not seem as unrealistic when considered

in these terms. Efforts to educate non-smokers about the dangers of smoking may not be

21



the most effective solution if used alone, but they are worthwhile if used in combination

with other educational efforts.

7.4 Varying ¢; and ¢
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Figure 11: Predictions when ¢; and ¢o are varied

Increasing the rate at which adolescents quit smoking (¢1, ¢2) is essential to the reduc-
tion of teen smoking. One motivation for a smoker to quit is understanding the effects that
smoking has on their body. This understanding can be increased by encouraging smokers
to enroll in educational programs and by increasing advertising targeted at adolescents
that focuses on the effects and dangers of smoking.

Small changes in the quit rates reduce the number of adolescent smokers very quickly
at first, but do not cause significant long-term changes. The CDC’s 2010 goal can be met

with only a 10% increase in these rates, however, the population of adolescent smokers

22



declines very slowly after this and approaches an endemic equilibrium of about 9%. This
slow decline may be because the high relapse rates are causing these individuals to cycle
back into the smoking classes. Increasing the quit rates by 25% is sufficient to eventually
eliminate adolescent smoking, although it would take over 50 years to do so.

By targeting quit rates as mentioned in the CDC’s plan, their 2010 goal is feasible.
However, increasing the quit rates just enough to meet the goal is not enough to eliminate

adolescent smoking because many individuals who quit will eventually relapse.
7.5 Varying oy, as
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Figure 12: Predictions when o and «o are varied

The percentage of smokers who are able to quit successfully each year is under 10%
[2, 6]. With such low success rates, most people who quit smoking remain susceptible

to relapse. Reducing the number of individuals in the Q1 and )2 classes by increasing
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the rates at which they permanently abstain from smoking (ay, ag), will decrease the
percentage of smokers.

Individuals who have quit are more likely to stick with their decision not to smoke
if they interact less with smokers, because relapse is a result of social interactions. One
way to encourage this is to create after-school programs that help adolescents who are
trying to quit permanently. However, as we can see from Figure 12, focusing our efforts
on increasing o1 and s may not be the most effective solution. A 75% increase in oy
and as only decreases the current percentage of smokers to 9%. A 300% increase to these
rates is necessary to meet the CDC’s 2010 goal, and a 400% increase would be needed to

eventually eliminate adolescent smoking.

7.6 Varying ¢, ¢o, €1, and &y
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Figure 13: Predictions when ¢1, ¢2, €1, and 2 are varied

24



We analyzed numerical solutions when combinations of parameters were varied. Tar-
geting the rates at which people quit as well as the rates at which non-smokers permanently
abstain from smoking causes both short term and long term reductions in the percentage
of smokers, as shown in Figure 13. Figure 11 shows that decreasing ¢1 and ¢o by 10% will
cause an immediate decrease in the number of smokers but the system also soon reaches
equilibrium (this is a short term solution). However, decreasing €; and ez by 75% causes
a gradual but prolonged decrease in the number of smokers (this is a long term solution).

To analyze the impact on the total number of smokers that a combination of short
and long term solutions have we increase ¢; and ¢2 by 10% and €1 and g5 by 75%. The
results not only meets the CDC’s goal for 2010, but also completely eliminates adolescent

smoking in just over 50 years.

7.7 Varying ¢, ¢2, U1, ¥, €1, and &

Varying ¢1, ¢a, 11, 12, €1, and g2 was most effective in meeting the CDC’s 2010 goal with
minimum change. Quit and relapse rates could be targeted through after-school programs.
These programs would encourage adolescents to quit smoking and reduce relapse rates by
removing individuals who have quit from an environment of smokers.

From Figure 14 we observe that a small change in all six parameters quickly causes
a significant decrease in the percentage of adolescent smokers. By decreasing v and s,
increasing ¢; and ¢2 by 10% each, and increasing 1 and 5 by 50%, adolescent smoking

will reach 12% by 2010 and will continue to decrease towards a smoking free equilibrium.

8 Results and conclusions

We proposed a mathematical model to describe the dynamics of cigarette smoking among

adolescents between the ages of 11 and 18. Through a simple bifurcation analysis we
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Figure 14: Predictions when ¢1, ¢2, 11, 12, €1, and €9 are varied

investigated the significance of relapse rates on current and future trends in cigarette
smoking among adolescents. The model produced a good fit to CDC data. The most
effective methods of education were determined numerically by varying parameter values
and analyzing resulting solutions. We analyzed the CDC’s 2010 goals and considered the
role of the “sleeper effect” on the dynamics of the system.

We proved analytically that for relapse rates large enough the system supports a back-
ward bifurcation. Numerical solutions that fit CDC data suggest Ry < 1. This Ry was
confirmed by parameter estimation and numerical uncertainty analysis. The same fit to
the data indicates that the population of adolescent smokers is approaching an endemic
equilibrium. This means that the dynamics of adolescent smoking are currently in or near
a region where the population of smokers is maintained by high relapse rates.

This knowledge is essential to choosing the best educational approach. Enough smokers
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are quitting each year to eliminate smoking among adolescents. However, adolescents who
have quit smoking are not successful at remaining smoke free [1, 9]. Programs designed
to help individuals quit may make it harder to eradicate adolescent smoking if the rate at
which these individuals relapse is high, because a larger reduction of Ry will be required
in order to approach the SFE. We recommend increasing the number of programs that
provide follow-up resources to help ex-smokers permanently quit. The best strategy for
accomplishing this is to stress change in social environments because individuals who have
quit are more likely to relapse if they continue to associate themselves with smokers.

Consistent with CDC data [16], numerical solutions of our system indicate that current
smoking among children ages 11 to 18 has been decreasing since 1997 and will reach 14% by
2010 and settle at an endemic equilibrium of about 12% in another 10 years. Thus, in order
to reach 12% by 2010 to meet the CDC’s goal, changes in current educational programs
must be made. We investigated the effects of implementing various educational programs
starting in the year 2007. Solutions highlight which parameters can be realistically changed
through education in order to most effectively reduce the percentage of adolescents who
smoke.

Numerical solutions indicated that ¢1, ¢2, 11, and 1o are the parameters that can most
quickly reduce the percentage of teen smokers when targeted by education. The other
parameters can also significantly influence the numerical solution, but changes occur more
slowly at first. Focusing resources on helping individuals to permanently quit smoking
would be most beneficial in order to meet the CDC’s goal.

We considered focusing educational programs on elementary school children in order to
minimize the damage caused by the “sleeper effect.” Reducing the proportion of children
who smoke before age 11 helps reduce the number of adolescent smokers; however, large
decreases in r are necessary in order to cause significant change. Thus we conclude that the

“sleeper effect” is not the most influential factor affecting adolescent smoking. Elementary
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school anti-smoking programs are not sufficient to eradicate smoking without significant
effort at the middle and high school levels.

The CDC’s goal for 2010 is feasible, but changes must be made to their current plan.
Their public health plan uses surveillance systems and laboratory research to identify
causes of adolescent smoking. Using this information they design programs to prevent
and reduce smoking. The CDC has created “Guidelines for School Health Programs to
Prevent Tobacco Use and Addiction” as well as anti-smoking curricula which has proven
effective in reducing or delaying adolescent smoking. However, the help of national, state,
and local agencies must be enlisted in order to get these programs implemented, because
few schools are currently using them [22].

It is important to note that the CDC’s plan focuses primarily on smoking prevention
and reduction instead of relapse rates. Our results suggest that it may be more effective to
also increase the number of educational programs that specifically target reducing relapse
without neglecting existing efforts to increase quit rates and decrease the number of new
smokers. Thus, in addition to the CDC’s current plan, we recommend that they test
and implement programs that encourage adolescents who have quit smoking to remain
smoke-free.

The current smoker population will soon reach an endemic equilibrium unless the CDC
and other anti-smoking agencies begin targeting the high relapse rates. A feasible change
for the CDC to meet their 2010 goal is to decrease relapse and increase the quit rates by
10% while increasing the rate at which at-risk youth chose to abstain from smoking by
50%. With these changes the total percentage of adolescent smokers will steadily decrease

and may eventually approach a smoker free equilibrium.
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10 Appendix

10.1 Calculations of the Basic Reproductive Number

To determine Ry we must first determine the smoking-free equilibrium (SFE) of the system.

The SFE is:

* * * * * * * Hr M(l*T’) fur 62(1T)>
S17, 85", Ni¥, No™, @17, Q2", P*) = { 0,0, ; 0,0, + '
(S17, 82", N1™, No™, 1", Q2 ) ( St u eatp e1+p €9+ 1

We only look at the smoking classes to find Ry [Cite Baojun’s reference, which he has not

given us]. Let,

f1=% = 51N181;S2+¢1Q181;52—(<Z51+M)517
sz% = ﬂQNgsl;SQJr%Qle;SQ—(¢2+M)52,
and,
e By Ny 2152 A= —11Q1 222 + (1 + ) 51 |
BaNoy21t52 —1h9Qa 5152 4 (¢hg + 1) So

here H is composed of all rates of new smokers in S and S, and A is composed of all

remaining rates.

oH, 0H, Bpr Bapr
F— 0S1 052 _ e1+p e1+p

OHo O0Hy ﬂ2/—L(177‘) /32”'(1771)

051 052 g+ g2t

Likewise,
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0A 9A 1
V= a5 o5 = o1t u 0 —yl= | &rte 0 :
0A 0A 1
s | 0 e K
Bipr Bipr ]
Fy-Ll = | Ctuw)ditn)  (ertu)(d2+p)
Bap(1—7) Bap(1—)
(eotp)(d14n)  (e2+p)(do+p) |

Ry is the dominant eigenvalue of FV 1.

By P (1 =)
(e1+p) (o1 +p)  (s2+p)(d2+p)

Ry =

10.2 Proof of Theorem 1

Proof. For analytical purposes we re-scale the system of equations with the following

substitutions:

No_ Na_ S S Qi @
T 17T 27T_37T_47T_57T_6'

The rescaled system of differential equations is as follows:
dlL‘l
g =M= P (z3 +24) — (e1 + p) 21 = f1 (11)
dzo
E:M(l—T)—52$2(x3+x4)—(82+u)x21=f2 (12)
dx
OTtS = frx1 (23 + 24) + Y125 (23 + 24) — ($1 + p) 23 1= f3 (13)
dx
d—: = [ow2 (73 + 74) + Y276 (T3 + T4) — (P2 + p1) T4 := f4 (14)
dl‘5
= 1wy — s (w3 + ) — (1 + p) x5 = fs (15)
dzg
— = P24 — oo (z3 +x4) — (2 + p) 6 := fo (16)
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We analyzed the bifurcation of our model in order to better understand the dynamics of

our system. Using equations (11-16) we determine the conditions for backward bifurcation

[25].

We chose (1 as the bifurcation parameter. We set Ry = 1,

Brpr Bop(1—1)
(e1+pm)(p+p)  (e2+p)(d2+p)

and solve for (31 to obtain

(e1+p) (61 + 1) [(e2 + ) ($2 + ) = Pop (1 — 7))

hr=p1= pr (e + p) (2 + 1)

We then look at the Jacobian of the system evaluated at the SFE and 81 = ]

—(e1+p) 0 *554’:; *53:; 0
0 —(e2+ 1) _%}L?) _%}r;” 0
S 0 0 -t e 0
0 0 gt P (kw0
0 0 1 0 —(a1+p)
0 0 0 o2 0

A right eigenvector of J for the eigenvalue A = 0 is

W= | w wy w3 W4 W5 W

where,
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__Bir(d2+p)(e2+ 1)
Ba(1 = r)(e1 + p)?

P2t p
w9 = —
€2+
_ (P2t p)(e2+p)
B e
w4:1
wy = PLUG2 (et ) = fop(l = 1))
Bap(l —7)(on + )
)
We —
o+ [

and a left eigenvector is

'U—[Ul Vo V3 V4 Vs ’U6:|—|:00m100-

Recall that

O fu
a= Z Z Wwiwjvk . (19)
ki (SFE, p1=07)

We compute the non-zero partial derivatives appearing in equation (19) to be the following,

0 f3 . 0fs . O3 0 fs
89518953 N ﬂl’ 8{L‘18$4 a 61, 61’531‘3 N wl’ 3I58$4 N 1/}1’

9% f4 _ By 0% f4 ~ By 0% f4 i 0% f4
Orodrs 2 Oredry Y Orgdrs 2 Ox60xy

Expanding equation (19) we get the following,
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a = 2(ws + wa)(Biwivs + Yrwsvs + Pawavs + Pawevs).

Since 2(ws 4 wy) is always positive we now consider the sign of the rest of the expression.

Thus our system exhibits backward bifurcation when

(Biw1rvs + Prwsvs + Bowavy + Yowevs) > 0.

Let

A =wsv3; B =wevy; C = —(B{wivz + Powovy)
m=S n=¢
A B’

Equation (20) is true when 11, 12 large enough such that

ey ey
m n

Thus we have a backward bifurcation for large enough values of ; and )s.
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10.3 Proof of Theorem 2

Proof. To prove existence of endemic equilibrium when Ry > 1, in the case of 81 = (o,

@1 = ¢2, Y1 =Yg, €1 = €9, a1 = g, and we let r = 1.

OZMT—ﬂN%—(E—f—/L)N (21)
S S

0=BNZ +9Qp — (6 +u)S (22)

0= 65 —vQ2 — (o +1)Q (23)

0=eN+aQ—pP (24)

From Equation (21),

O0=p—pBNS—(e+p)N

p=NI[BS+ (e+p)]
7

AEEEEny .
From Equation (22),
0=BNS+9QS — (¢ +u) S
0=S[BN +9Q — (¢ + )] .
Let S # 0 and 0 = [BN +¢Q — (¢ + p)]. Then,
N — WZ (26)
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Equating Equations (25) and (26) we obtain,

(¢ +p) —¥Q 0

From Equation (23),

5 BSirn (27)

0=9¢5—-9QS - (a+p)Q
¢S = QS + (o + p)]

Q=

From Equation (27),

BS+(e+n) =

BS + (e +p) =

¢S
PS + (a+p)

B

(¢ +n) —¥@Q

Bu

¢+ 1) - gsttarm
B[S + (a + p)]

(@ + S+ (a+p)] - ¢S
BulvS + (o + )]

(6 + S + (¢ + p)(a+p) — oS

BulhS + (a + p)]
S + (¢ + p)(a + p)

We make the following substitutions,

a=(e+p), b=(o+np), c=(a+p).
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Rewriting Equation (28),

(85 + a)(upS + be) = Bu(yS + ¢)

0 = BupS? + [Bbe + app — Buap]S + abe — Buc.

Let Equation 29 equal F'(S). Therefore,

F(S) = ButhS® + [Bbe + ajup — Bu]S + abe — Bpc
= BuipS® + [Bbe + app — Buah)S + abe(1 — Ro)

= AS?>+ BS + C.

For Ry > 1

C = abc(l — Ry) < 0.

From the Quadratic Theorem,

Rl, R2 =

| Q

where

A = pup, B = PBbc+ app — Buyp, C = abe(l — Ry).

Since C' < 0 and A >0, § < 0.

Thus there exists exactly one positive endemic equilibrium when Ry > 1.
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