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Abstract

The saguaro cactus (Carnegiea gigantea), a keystone species in the Sonoran Desert, has
faced population decline in recent years. The immediate threat to the saguaro cactus is
the increase in wildfires fueled by the invasive species buffelgrass (Pennisetum ciliare). The
increasing rate of wildfires could result in the collapse of the Sonoran Desert ecosystem. A
stage structured model is developed and analyzed to capture interactions between saguaro
cacti, their nurse trees, and buffelgrass. In order to model the impact of buffelgrass, the
interactions between the saguaro growth stages, juvenile and adult, with the nurse trees,
called the foothills palo verde (Parkinsonia microphylla), are studied. Then the presence of
buffelgrass among the populations is analyzed to determine the influence of buffelgrass on nurse
tree and cacti populations. This model consists of a system of non–linear ordinary differential
equations which considers commensalism between juvenile saguaros and their nurse trees and
their eventual competition as juveniles mature to adulthood. The analysis of this system
includes qualitative analysis of the equilibria of the system as well as a numerical analysis
of the sensitivity of key parameters. From this research, it was concluded that buffelgrass
has led to an increase in wildfire frequency through the propagation of unnatural wildfires,
which can lead to a decrease, or possible extinction, of the saguaro population. Therefore, in
the interest of preserving the saguaro cactus population, the buffelgrass population must be
limited through the use of herbicide and harvesting.

1 Introduction

1.1 The Saguaro Cactus
As a keystone species of the Saguaro National Park the saguaro cactus, or Carnegiea gigantea,

serves not only as an icon of the national park, but also as a habitat and food source for many
other species in the region [1]. Therefore, fluctuations in the saguaro cactus population can affect
the health of the ecosystem [1]. Aside from the substantial ecological importance of saguaros,
the cactus is also a large component of the local tourism industry, with tourism to the Saguaro
National Park resulting in a cumulative economic benefit of $66.5 million per year for Tucson,
Arizona alone [2]. Furthermore, the saguaro also has cultural significance to the Papago and Pima
nations, who have historically relied on the plant for food, drink, and religious traditions [1].

The saguaro cactus is a slow–growing, perennial plant that has been recorded to have a lifespan
of 125 to 175 years and a maximum height of over 18 meters. Saguaros reproduce through cross
pollination with other saguaros; however, they are not able to reproduce until they are 30 to 45
years of age. Most fragile in the early stages of growth, saguaro seeds flourish during infrequent
weather patterns such as mild winters and summers, followed by increased rainfall. An example
of their sensitivity can be noticed from past population bursts that have been linked to the subtle
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weather fluctuations associated with volcanic activity and El Niño [3]. Since population bursts are
observed from subtle weather changes, it can be inferred that the saguaro cactus reproduction is
very sensitive to weather. This makes the saguaro population susceptible to the slightest weather
fluctuations. Due to a long life span and slow growth many of the effects of population changes
are not realized for decades or longer [4].

1.2 Palo Verdes, Nurse Trees of the Saguaro Cacti
The establishment and growth of young saguaros also depends on their nurse trees. Under their

canopies, trees create a microclimate that is cooler in the summer and warmer in the winter. Nurse
trees also help to protect saguaros from foraging animals and strong winds. Although saguaros
can establish in the open, their likelihood to survive as a seedling is greatly increased under a
nurse tree. The preference to shade results in an increased likelihood of a saguaro growing under
a tree and there is a possibility of saguaro clusters around the base of trees. The most common
nurse tree is the foothills palo verde, or Cercidium microphyllum [5]. The foothills palo verde is
a small tree with maximum height of around 7.92 meters and can live for more than 100 years.
Although palo verdes are shorter than fully grown saguaros, they are taller than young saguaros.
The palo verde reproduces both sexually and asexually; however, due to animal consumption and
water availability only 1.6% of all seedlings that are germinated survive, resulting in a low yearly
recruitment rate for the species [6].
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Figure 1: The changes in the distribution of adult and juvenile saguaro populations from 1942
to 2015 can be seen from data modified from Orum et.al.[7]. (It should be noted that there is a
discrepancy in the reported data in 2013.)

1.3 Buffelgrass
Although saguaros are susceptible to many natural causes of death, such as freezing, drought,

small animal consumption, and bacterial necrosis, the largest threat to the population is currently
wildfire caused by buffelgrass [8]. Figure 1 was constructed by previously recorded saguaro census
data [8, 7]. The figure shows a gradual decline in the population of both adult saguaros and juve-
nile saguaros starting from 1942. As a source for cattle feed and erosion control, buffelgrass was
first introduced to the state of Arizona in the 1930’s and was first identified in Saguaro National
Park in 1989 [9]. Buffelgrass is a perennial invasive grass that can reproduce sexually or asexually,
and its seeds are viable for up to 4 years before being germinated. Fluffy and nearly weightless,
buffelgrass seed spread is facilitated by wind, water, and animal fur. Furthermore, germination
can occur in a range of temperatures from 50◦F to 104◦F, requires about 0.124 inches of rain over
two days, and at any time of year. Once germinated, seeds mature in about 18 months, and adults
can reproduce within 6 weeks. Also, in the desert regions of Arizona, buffelgrass has no natural
predators, meaning that removal is limited to the manual pulling of the plants by volunteers or
chemical spraying, which is only viable for a couple of weeks in the rainy season when the plants
are green. Buffelgrass resilience has led to an annual population increase of 35.5% in Saguaro
National Park [10]. As an invasive species, buffelgrass is able to out-compete many native species
in the Sonoran Desert. Further, the desert would only experience a natural wildfire about every
250 years without the presence of buffelgrass, meaning most native species are not equipped to deal
with large fires. Buffelgrass, however, is a fire-adapted species, meaning it can quickly reemerge
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after wildfires and provide fuel so that the fires burn longer and cover more area. Buffelgrass helps
the quick spread of fire, which kills native species and leaves available space for the buffelgrass to
invade at a faster rate than the native species [11].

The purpose of this study is to understand the long-term effects buffelgrass can have on the
saguaro population as well as whether any resulting population decline can be reduced through
the control of the buffelgrass population. The following outlines the remainder of the paper. In
Section 2, a mathematical model is formulated to look at the interactions of saguaros and their
nurse trees and the influence of buffelgrass on the system. Equilibria analysis will be performed
on the model with and without the presence of buffelgrass in Section 3. In Section 4, parame-
ters are explained in depth and provided numerical values. In Section 5, simulations are run to
show the natural relationship between the nurse trees and saguaros. In Section 6 contrasts section
5, by simulating the effects of buffelgrass on the aforementioned natural relationship. Section 7
shows local sensitivity analysis on several parameters of interest. Finally, Section 8 discusses con-
clusions. Included in the appendix, is more detail about the mathematical analysis from this paper.

2 Model Formulation
In order to predict the impact of buffelgrass on the saguaro cactus, as well as the palo verde

nurse tree, the dynamics of the saguaro and nurse tree populations are modeled with and without
the presence of buffelgrass. This design will reveal the true impact of buffelgrass on the cactus and
trees and allow us to analyze the extent of the buffelgrass wildfire damage. The model without the
presence of buffelgrass serves to demonstrate the natural interaction of the saguaro cactus and the
nurse trees. The introduction of buffelgrass to the model exhibits the extent of the damage caused
by buffelgrass wildfires. These models will be systems of non–linear ordinary differential equations
(ODEs) that represent the basic interactions between the populations. The inclusion of buffelgrass
will predominantly reflect the effects of wildfires on saguaro cactus and their nurse trees.

2.1 Assumptions of the Model
Assumptions were made about the interactions between saguaros, nurse trees, and buffelgrass

in order to maintain realistic dynamics and avoid unnecessary complexity. The first of these as-
sumptions is that juvenile saguaros are assumed to be cacti in the age range of 1 to 35 years. The
range starts at age 1, because this is when a cactus’s susceptibility to death due to environmental
conditions is greatly reduced. The range ends at 35, because this is when cacti are able to begin
reproducing. Therefore, the adult saguaro population considers those to be at reproductive age,
35, and older. Another assumption is that the natural life span of all adult saguaros is 175 years,
which is the average lifespan. It is also assumed that saguaros in both age groups are equally
susceptible to death from conditions like extreme temperature, bacterial necrosis, and being eaten
by rodents. Furthermore, the difference in the survival rates of the juvenile saguaros under nurse
trees and in the open are not considered.

The model does not consider the effects of clustering of the adult population on the reproductive
rate, since this is rarely seen. For the nurse trees, assumptions include that trees are not able to out
compete adult saguaros for resources. Furthermore, the only competition that juvenile saguaros
face is competition over space with adult saguaros. Thus, competition between juvenile saguaros
and buffelgrass is not included. Competition between nurse trees and buffelgrass is also not included
because the effects are not strong. Similarly, commensalism between adult saguaros and buffelgrass
is not included because the effects do not greatly influence either species.

2.2 The Model Description
The model is formulated using the dynamics between the adult and juvenile saguaro cacti,

their nurse trees, and buffelgrass. The interactions considered are given by the following system of
equations.
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dSj
dt

= rSa ·max
{
0,

(
1− εSj + Sa

k1 + bT

)}
− γSj − µjSj − θjBSj , (1a)

dSa
dt

= γSj −
α1

k2
SaT − µaSa − θaBSa, (1b)

dT

dt
= φT

(
1− T + σSa

k2

)
− θTBT, (1c)

and
dB

dt
= ωB

(
1− B

k3

)
− µBB. (1d)

The growth of the juvenile saguaro population, Sj , from the reproduction of the adult saguaros,
Sa, is best captured with a logistic growth term, given by

rSa

(
1− εSj + Sa

k1 + bT

)
. (2)

The juvenile–adult interaction, Expression 2, represents the rate at which new juvenile saguaros
enter the population. The parameter r is the rate that seeds germinate and survive to one year of
age per adult saguaro. On the other hand the term,

(
εSj + Sa
k1 + bT

)

represents the proportion of space available for new juveniles to take root, including free space not
taken by adults and space under nurse trees. The numerator, εSj +Sa is the space that is already
taken up by juvenile and adult saguaros. The parameter ε converts juveniles to adults in terms of
space, so that the carrying capacity term will be scaled to adults only. The denominator, k1 + bT ,
represents the benefit nurse trees provide to juvenile saguaros by increasing their carrying capacity.
Here, k1 is the carrying capacity of adult saguaros in open space and bT is the average number of
saguaros one nurse tree can support. Therefore, nurse trees increase the number of juveniles that
can survive in an area. Since this term has the possibility to be negative, we take the maximum
value between zero and the term described previously, Expression 2, for the biological applicability
of the model. Furthermore, γ is the rate at which juveniles mature into adults. Here it is assumed
that juveniles become adults when they begin to reproduce.

For the adult population, µa represents the death rate, and the rate at which adult saguaros
die due to competition with trees for resources is

α1

k2
. It is assumed that α1 is nearly zero since

the possibility of a nurse tree out competing an adult saguaro is rare. The dynamics of the tree
population include natural germination and death rates, given by φ, that is φ = b − d. The rate

that nurse trees reach their carrying capacity, k2, is given by φT
T

k2
. The term for the competition

between adult saguaros and trees, ρSaT , can be rewritten as φT
σSa
k2

, where σ is a proportion of

the carrying capacity, and is dimensionless, that is given by σ =
ρ

φ
k2, where ρ is the rate adult

saguaros out-compete trees.

Since the main effect of buffelgrass on native species in regions where it has invaded is the prop-
agation of wildfire, the dynamics of buffelgrass interacting with native populations in the terms
of competition or commensalism are neglected. The parameters θi (i = j, a, or T ) represent the
effect of buffelgrass-related wildfire. Therefore, the terms in the saguaro and nurse tree equations,
θjBSj , θaBSa, and θTBT , are the mechanism for the death of these species due to wildfires. The
θ’s terms are density dependent of buffelgrass and describe the average frequency of wildfires in
the area under study per unit time.
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It is assumed that the buffelgrass equation grows logistically, that is ωB
(
1− B

k3

)
, where ω is

natural growth rate. When implementing mitigation strategies, such as seasonal chemical spray-

ing, ω will be decreased. The term for the space already occupied by buffelgrass is
B

k3
, where

k3 is the carrying capacity. Constant effort harvesting is also incorporated in the model, with
µBB representing efforts by volunteers to reduce the buffelgrass population through the manual
pulling of buffelgrass. Thus, µB is the harvesting rate. The System of Equations 1 representing
the population dynamics can also be represented in a flow chart diagram given in Figure 2, while
Table 1 include the parameters with their definitions and units.

Parameter Table

Parameter Definition Units

r Germination rate of saguaros
juveniles

adults · year
ε Conversion of juveniles to adults in terms of space

adult

juveniles

k1 Adult saguaro carrying capacity adults

b Average juveniles under nurse tree
juveniles

tree

γ Saguaro maturation rate
1

year

µj Juvenile death rate
1

year

α1 Rate nurse trees out-compete saguaros
1

year

k2 Approximate carrying capacity of adults and nurse
trees

Indv

µa Death rate of adult saguaros
1

year

φ Growth rate of palo verdes
1

year

ρ Rate adult saguaros out-compete trees
1

year · indv.

σ Proportion of the k2 carrying capacity unitless

θi Frequency of buffelgrass caused wildfires and their
effects on juvenile saguaros (θj), adult saguaros (θa),
and trees (θT )

1

year · grass

ω Logistic growth term for buffelgrass population
(birth-death)

1

year

µB Death of buffelgrass by harvesting
1

year

k3 Average number of buffelgrass found in an area (one
hectare)

grass

Table 1: Parameter definitions
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Sj Sa
γSj

T B

rSa ·max
{
0,

(
1− εSj + Sa

k1 + bT

)}

(µj + θjB)Sj

(µa + θaB)Sa +
α1

k2
SaT

φT

(
T

k2

)
+ (ρSa + θTB)T

φT ωB
ωB

(
B

k3

)
+ µbB

Figure 2: Flow chart diagram representing interactions between juvenile and adult saguaros, and
nurse trees with the effects of buffelgrass

3 Analysis of the Model
In this section, the model is analyzed qualitatively by solving for equilibria and evaluating these

points for stability. In order to find equilibria, the equations in System 1 are set equal to zero.
These equilibria are then substituted into the Jacobian matrix, which can be found in Appendix
10.1, to study their respective stability. The simplest equation to solve is buffelgrass, 1d, as it is
independent of any other state variables (Sj , Sa, or T). This results in the existence of two B∗

equilibria. The system will be analyzed at the two equilibria according to their stability, one at
buffelgrass extinction and the other is with buffelgrass presence among the population. To better
analyze this model, it is important to first analyze the natural dynamics of saguaros and nurse
trees, before the introduction of buffelgrass into the ecosystem. Therefore, the analysis of the
model will be first performed at buffelgrass extinction equilibrium, B∗

1 = 0, and then at buffelgrass
existence equilibrium, B∗

2 = k3

(
1− µB

ω

)
. Throughout this section, let the equilibrium points be

denoted by Ek = (S∗
jk, S

∗
ak, T

∗
k , B

∗
k).

3.1 Equilibria for Buffelgrass Extinction
For the purpose of the analysis of this section B∗

1 = 0, which happens at ω < µb, and substitu-
tion the system of equations can be reduced to:

dSj
dt

= rSa ·max
{
0,

(
1− εSj + Sa

k1 + bT

)}
− γSj , (3a)

dSa
dt

= γSj −
α̃1

k4
SaT, (3b)

and

dT

dt
= φ̃T

(
1− T + σSa

k4

)
. (3c)
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3.1.1 Total Extinction

By setting Equation 1c equal to zero, an equilibrium value of T ∗ is found to be T ∗ = 0.
Substituting T ∗ = 0 into Equation 1b and setting the new equation equal to zero produces:

S∗
j (Sa) =

µa
γ
S∗
a .

From here, substituting the values of T ∗(Sa) and S∗
j (Sa) into Equation 1a gives S∗

a = 0 as one of
the equilibrium values of Sa, which also means S∗

j = 0. Using T ∗ = 0, then the total extinction
equilibrium is found to be

E1 = (S∗
j , S

∗
a , T

∗, B∗
1) = (0, 0, 0, 0).

3.1.2 Cacti Exclusion Equilibrium

The cacti exclusion equilibrium refers to the point with cactus population dies out, or (0, 0,
T ∗, 0). Thus, if S∗

a = 0, then S∗
j = 0. To find the equilibrium value of T , when there is not total

extinction, Equation 1c is set equal to zero; this gives

T ∗(Sa) = k2

(
1− ρ

φ
Sa

)
. (4)

From the above Equation 4, it is important to note that for T ∗(Sa) > 0 (for the nurse tree

population to exist, that is), S∗
a <

φ

ρ
. Substituting in S∗

a = 0 into Equation 4 above gives T ∗ = k2.

Therefore,
E2 = (S∗

j , S
∗
a , T

∗, B∗
1) = (0, 0, k2, 0).

3.1.3 Nurse Tree Exclusion Equilibrium

The nurse tree exclusion equilibrium refers to the point with nurse tree population dies out,
such that (S∗

j , S∗
a , 0, 0). Using the equilibrium values T ∗ = 0, and S∗

j (Sa) =
µa
γ
S∗
a , it is possible

to substitute these values into Equation 1a to get

r


1−




ε · µa
γ

S∗
a + S∗

a

k1





− (γ + µj)µa

γ
= 0

Let Rd1 =
γ

γ + µj
· r
µa

and E =
ε · µa
γ

. By solving for S∗
a :

S∗
a =

k1

(
1− 1

Rd1

)

E + 1
(5)

Rd1 is defined to be the threshold condition for adult saguaros existence in the absence of nurse
trees. A more detailed explanation will be provided in Section 3.4. Thus, S∗

a exists as long as
Rd1 > 1. By substituting the value of S∗

a (Equation 5) into the definition of S∗
j above and using

T ∗ = 0 produces:

E3 = (S∗
j , S

∗
a , T

∗, 0) =

((
µa
γ

)
k1

E + 1

(
1− 1

Rd1

)
,

k1
E + 1

(
1− 1

Rd1

)
, 0, 0

)
.

Therefore, E3 exists if Rd1 > 1.

3.1.4 Coexistence Equilibrium

The coexistence equilibrium, E4 = (S∗
j , S

∗
a , T

∗, 0) represents when all species live in the same

environment and share the same space and resources, with T ∗ 6= 0, thus: T ∗(S∗
a) = k2

(
1− ρ

φ
Sa

)
.
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Which, by requiring 0 < ρ
φS

∗
a < 1, can be rescaled by letting s∗a =

S∗
a

φ/ρ
. Hence, 0 < s∗a < 1 and

the rest of the equations in terms of s∗a can be found.

T ∗(s∗a) = k2(1− s∗a)→ T ∗ > 0 iff
S∗
a

φ/ρ
< 1

S∗
j (s

∗
a) =

φ

ρ

(
µa + α

γ

)
s∗a −

φα

ργ
s2∗a

Now, solving for s∗a and letting Rd2 =
r

µa + α
· γ

γ + µj
produces:

0 = r
φ

ρ
s∗a

[
1−

φ
ρ (s

∗
a(
εµa

γ + 1 + α
γ )− s2∗a εα

γ )

k1 + bk2(1− s∗a)

]
− φ

ρ

(
1

Rd2
− αs∗a
µaRd1

)
.

Where Rd2 is defined to be the demographic threshold condition for adult saguaros in the presence
of nurse trees. Setting E = µaε

γ allows the equation to reduce to:

0 =

(
αφε

ργ
− bk2α

µaRd1

)
s2∗a +

[
(k1 + bk2)

α

µaRd1
− bk2

(
1− 1

Rd2

)
− φ

ρ

(
1 + E +

εα

γ

)]
s∗a+(k1+bk2)

(
1− 1

Rd2

)
.

Then, let

τ1 =

(
αφε

ργ
− bk2α

µaRd1

)
,

τ2 =

[
(k1 + bk2)

α

µaRd1
− bk2

(
1− 1

Rd2

)
− φ

ρ

(
1 + E +

εα

γ

)]
, and

τ3 = (k1 + bk2)

(
1− 1

Rd2

)
,

such that
f(s∗a) = τ1s

2∗
a + τ2s

∗
a + τ3.

Notice that f(0) = τ3, and that τ3 > 0 iff Rd2 > 1. Also, f(1) = k1

(
1− 1

Rd1

)
− φ

ρ (1 + E) is less

than zero iff φ
ρ > k1

1+E

(
1− 1

Rd1

)
. In showing there exists at least one positive root of f

(
S∗
a

φ/ρ

)

between 0 and 1. Meaning coexistence is possible if there is cactus population growth and the rate
at which trees are out competed by cacti is less than the population growth rate of trees, more
details can be found in Section 3.3. The following theorem can be concluded:

Theorem 1 If Rd2 > 1 and φ
ρ > k1

1+E

(
1− 1

Rd1

)
, then there exists at least one coexistence

equilibrium.

3.2 Stability Analysis of the Equilibria with Buffelgrass Extinction
At B∗ = 0, one of the eigenvalues from the general Jacobian matrix at B∗

1 = 0 will be ω − µb.
For ω < µb the following stability analysis was found:

3.2.1 Total Extinction

The total extinction equilibrium point, E1, is (0, 0, 0, 0). The Jacobian at this point is given
by Matrix 11 with zero substituted in for all of the state variable. The value of φ is an eigenvalue
of this matrix, and φ is always positive. Therefore the equilibrium point for the extinction of all
populations is unstable.
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3.2.2 Cactus Exclusion Equilibrium

Next, the cactus exclusion equilibrium is analyzed. From this analysis, the following theorem
is produced.

Theorem 2 If Rd2 =
r

(µa + α1)

γ

(µj + γ)
< 1, that is, if adult saguaros are producing less than

one future adult saguaro throughout their lifetime, then there exists one stable equilibrium point
where the saguaros have gone extinct, that is E2 = (0, 0, k2, 0).

Proof In order to test for local stability, the Jacobian matrix must be applied to the point,
E2 = (0, 0, k2, 0). From the Jacobian, it is evident that one eigenvalue is λ = −φ, which is always
negative. The remaining eigenvalues can be found with the characteristic polynomial:

(λ+ (γ + µj))(λ+ (α1 + µa))− rγ = 0

λ2 + (α1 + µa + γ + µj)λ+ rγ

(
1

Rd2
− 1

)
= 0

Here it can be observed that since parameter values will always be positive, m = (γ+α+µa+µj)

will always be positive. Additionally, g = rγ
(

1
Rd2
− 1
)
is greater than zero if and only if Rd2 < 1.

Since Rd2 < 1 is assumed and the analysis of the two remaining eigenvalues goes as follows:

λ2,3 =
−m±

√
m2 − 4g

2

Since m > 0 and g > 0, then √
m2 − 4g < m.

So, λ2 and λ3 will always be negative.

3.2.3 Nurse Tree Exclusion Equilibrium

The nurse tree exclusion equilibrium, E3, was found to be E3 =
(
µa
γ
S∗
a , S

∗
a , 0, 0

)
, where

S∗
j =

µa
γ

(
γk1

εµa + γ

)(
1− 1

Rd1

)

and
S∗
a =

(
γk1

εµa + γ

)(
1− 1

Rd1

)
.

That is, E3 exists as long as Rd1 > 1.

Theorem 3 If
φ

ρ
<

k1

1 +
ε · µa
γ

(
1− 1

Rd1

)
and Rd1 > 1, then the nurse tree extinction equilib-

rium, E3 = (S∗
j , S∗

a , 0,0), is locally asymptotically stable.

Proof:

Let E = εµa

γ and S∗
a2 =

k1
E + 1

(
1− 1

Rd1

)
. Assume

φ

ρ
<

k1
1 + E

(1 − 1

Rd1
) and Rd1 > 1 the

Jacobian Matrix can be found in 11:

In order for λ1 to be negative: S∗
a >

φ
ρ . By substituting S∗

a ,
φ

ρ
<

k1

1 +
ε · µa
γ

(
1− 1

Rd1

)
, which

requires Rd1 > 1.

λ1 and λ2 are given by the following:
(
λ+

εr

k1
S∗
a + (µj + γj)

)
(λ+ µa)−

(
γjr

(
1− S∗

a(2 + E)

k1

))
= 0
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By substituting S∗
a ,

λ2 + λF + L = 0

Where F =

[
µa + εr

(
1

1 + E

(
1− 1

Rd1

))
+ µj + γj

]
and L = µaεr

(
1

1+E

(
1− 1

Rd1

))
+µa (µj + γ)−

γr

(
1− 2 + E

1 + E

)(
1− 1

Rd1

)

Then F and L are greater than zero when Rd1 > 1 and S∗
a >

φ
ρ . Hence, E3 is locally asymp-

totically stable when Rd1 > 1 and S∗
a >

φ
ρ , more details of this can be found in Section 3.3.

3.2.4 Coexistence Equilibrium

Although the stability of the coexistence equilibrium was not determined analytically, stability
was determined numerically using the baseline parameter values given in Table 4. This numerical
analysis found the equilibrium point to be unstable. This is because for our baseline parameters the
growth rate for buffelgrass is greater than the harvesting rate, µB < ω. Therefore, since buffelgrass
is not affected by any of the other state variables, the buffelgrass population will always begin to
increase if introduced to a system. However, if the harvesting rate were to surpass the growth rate
µB > ω, the equilibrium point would be stable.

3.3 Biological Definitions of Stability Conditions
From analyzing the stability of equilibrium points for the case of the model without buffelgrass,

conditions necessary for the survival of saguaros were found to include the following two expressions.

Rd1 =
r

µa
· γ

γ + µj
(6a)

Rd2 =
r

α1 + µa
· γ

γ + µj
(6b)

The value of Rd1 (Equation 6a) represents the survival of saguaros in the absence of nurse trees.
The term

r

µa
gives the growth rate of the juvenile saguaro population multiplied by the average

life span of an adult saguaro in the absence of nurse trees. The term
γ

γ + µj
gives the proportion

of juveniles that will survive to reproduce. Therefore, Rd1 gives the expected number of new adult
saguaros produced by one adult saguaro in the absence of nurse trees. This number must be greater
than one for the survival and growth of the saguaro population.

The value of Rd2 (Equation 6b) represents the survival of saguaros in the presence of nurse
trees, so the competition between adult saguaros and nurse trees is taken into account. Therefore,
α1 is added to the adult death rate in the denominator of the equation for Rd2.

The condition necessary for saguaros to out-compete nurse trees and drive the tree population
to extinction is given by:

φ

ρ
<

k1

1 +
ε · µa
γ

(
1− 1

Rd1

)
. (7)

In the inequality, 7, the term
φ

ρ
gives growth rate of trees multiplied by the average life span

of trees with consideration of competition between with adult saguaros. The term
k1

1 +
ε · µa
γ

can

be simplified to the form
k1γ

γ + εµj
, which gives the proportion of the carrying capacity of saguaros

that will be taken up by juveniles becoming adults. Furthermore, from Equation 6a, it is known
that Rd1 must be greater than one for the survival of saguaros without nurse trees. Therefore, the
inequality expressed in Equation 7 means that trees will become extinct if the overall growth of
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trees is less than that of saguaros. However, for the coexistence equilibrium to exist, the overall
growth of the nurse trees is higher than that of the saguaros and Rd2 > 1.

3.4 Equilibria at Buffelgrass Existence Equilibrium

Using the B∗
2 = k3

(
1− µB

ω

)
equilibrium value for B∗ only slightly changes the equilibria

expressions for the saguaro and nurse tree populations from the B∗
1 = 0 case. From the equilibrium

expression for buffelgrass survival equilibrium, it can be seen that B∗
2 is the equilibrium value of

buffelgrass if and only if ω > µB .
It is worth noting that buffelgrass itself is not directly affected by the saguaros or nurse trees, so

similarities to the previously found equilibria are expected. These new equilibria values are in the
form E5 = (0, 0, 0, B∗

2), E6 = (0, 0, T ∗, B∗
2), E7 = (S∗

j , S
∗
a , 0, B

∗
2), and E8 = (S∗

j , S
∗
a , T

∗, B∗
2). One

way to find these new equilibrium values is to modify certain parameters to reduce the complexity
of the equilibria. death rate for juvenile saguaros, µj , which will now be referred to as µ̃j , can be
defined; in order to eliminate the effects of buffelgrass, by letting

µ̃j = µj +Bθj . (8)

The substitution of the expression 8 for µj will provide the same dynamics as the model without
buffelgrass. Notice that the buffelgrass equation is independent of the three populations, Sj , Sa,
and T , which makes the substitution possible. Similarly, we can define the following three new pa-

rameters: the adult saguaro death rate, µ̃a = µa+Bθa, the growth rate of the trees, φ̃ = 1− θTB
φ

,

and an adjusted carrying capacity, k4 = k2φ̃. The new parameter k4 will have a different mean-
ing than k2 which was originally used as the carrying capacity of nurse trees and saguaros in the
competition term. In order to justify the use and substitution of k4, it is important to analyze the
presence of k2 in the model.

The only other time k2 is used, apart from the competition term in the tree differential equation,

is in the term
Tα1Sa
k2

which is a part of the adult saguaro differential equation. Multiplying the

term,
Tα1Sa
k2

, by
φ̃

φ̃
produces k4 in the denominator. However, the numerator is also changed into

something that does not exactly match the original model: TSaα1φ̃. Since α1 only occurs here,
it can also be replaced. The term α1 is replaced by α̃1 = φ̃α1. The substitution of k4 and α̃1

produces:
TSaα1

k2
=
TSaα̃1

k4
.

Substituting µ̃j , µ̃a, φ̃, k4, and α̃1 into the model reduces System 1, the model with the inclusion
of buffelgrass at B∗

2 = k3

(
1− µB

ω

)
equilibrium, where ω > µB , to the following system:

dSj
dt

= rSa ·max
{
0,

(
1− εSj + Sa

k1 + bT

)}
− γSj − µ̃jSj , (9a)

dSa
dt

= γSj −
α̃1

k4
SaT − µ̃aSa, (9b)

and
dT

dt
= φ̃T

(
1− T + σSa

k4

)
. (9c)

Because this system is now similar to System 3, the demographic reproductive numbers can be
redefined using the substituted parameter values.

Rd3 =
r

µ̃a
· γ

γ + µ̃j
(10a)

Rd4 =
r

α̃1 + µ̃a
· γ

γ + µ̃j
(10b)
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Analysis of the equations in System 9 at equilibrium produce eight possible scenarios. The
scenarios where buffelgrass is excluded are the same as the equilibria described in Section 3. With
buffelgrass, there are additional cases. These include the case when saguaros die out, but trees
are able to coexist with buffelgrass, the case when nurse trees die out, but saguaros coexist with
buffelgrass, and the case when all three species are able to coexist. As in Section 3, there are two
possible coexistence equilibria. However, after numerical analysis only one is shown to exist with
the current parameter values.

The result of existence and stability analysis, given in Table 2, found that coexistence with
buffelgrass is possible with nurse trees without saguaros if Rd4 < 1, or each adult saguaro is
producing less than one new adult saguaro in its lifetime, and that ω > µB , or that the buffelgrass
growth rate is greater than the rate at which it is harvested. Furthermore, the coexistence of
buffelgrass with saguaros with the exclusion of nurse trees can occur if Rd3 > 1, meaning each

adult saguaro produces more than one new adult, and
φ̃

ρ
<

k1

1 + Ẽ

(
1− 1

Rd3

)
, which says that

saguaros are able to grow and out-compete trees at a faster rate than trees are able to grow.
For coexistence of all three species, the condition for saguaros to out-compete trees must not be
true, and saguaros must reproduce at a high enough rate to propagate the population. However,

saguaro equilibrium value must be small enough for S∗
a <

φ

ρ
, or the saguaro population must be

small enough to not out-compete nurse trees.

Equilibria and Stability

Equilibrium Existence Stability

E1 = (0, 0, 0, 0) always Unstable

E2 = (0, 0, T ∗
2 , 0) always Rd2 < 1 and ω < µB

B∗
1 = 0 E3 = (S∗

j3, S
∗
a3, 0, 0) Rd1 > 1

φ

ρ
<

k1
1 + E

(1 − 1

Rd1
)

and ω < µB

E4 = (S∗
j4, S

∗
a4, T

∗
4 , 0) S∗

a <
φ

ρ
and Rd2 > 1 Unstable(numerical)

E5 = (0, 0, 0, B∗
2 ) always unstable

E6 = (0, 0, T ∗
2 , B

∗
2 ) always Rd4 < 1 and ω > µB

B∗
2 = k3

(
1− µB

ω

)
E7 = (S∗

j7, S
∗
a7, 0, B

∗
2 ) Rd3 > 1

φ̃

ρ
<

k1

1 + Ẽ
(1 − 1

Rd3
)

and ω > µb

E8 = (S∗
j8, S

∗
a8, T

∗
8 , B

∗
2 ) Rd4 > 1 and

φ̃

ρ
>

k1

1 + Ẽ

(
1− 1

Rd3

) Stable (numerical)

Table 2: Provides the existence and stability criteria for the equilibria points of System 1, and 9.

4 Parameter Estimation
In this section, a review of literature was conducted in order to obtain values for parameters of

interest. Although many of the exact values of the parameters were not able to be found, some of
the parameters were estimated from the literature, and others were based on assumptions. These
values given in Table 4 are used as the baseline parameters in model simulations.

• Rate that seeds are germinated and survive to one year, r:
According to the Western National Parks Association a saguaro can produce up to 375000
seeds per year [12]. Steenbergh and Lowe [13] estimated that around 0.1% of the seeds were
able to establish and survive. Therefore there are only 375 seedlings per adult saguaro. Addi-
tionally, [13] mentions that the proportion of the germinated seeds that survive to be a year is
only 0.0126. Therefore, r is computed to be 375 times 0.0126 = 4.725 juveniles/(adults*time),
which equals juveniles/time when multiplied by Sa in Equation 3a.
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• Proportion of space taken up by juvenile saguaros compared to adult saguaros, ε:
Saguaro root systems are laterally extensive and shallow [1]. The root system of the saguaro
can stretch out in all directions as long as the saguaro’s height [14]. In our study juvenile
saguaros measure up to 3.7 m, and adult saguaros measure from 3.71 m to 18 m. This means
the root radius is up to 3.7 m for juveniles and between 3.71 m and 18 m for adults. Hence
the average root radius of a juvenile is 1.85 m, and the average root radius of an adult is 5.5
m. Calculating the area for the roots for the juvenile and adult yields (1.85)2π and (5.5)2π,
respectively from the area of a circle equation πr2. To obtain the parameter value the juvenile
radius area is divided by the adult radius area = 0.113.

• Number of adult saguaros that can survive in a given space, k1:
A census at the Ironwood Forest National Monument showed that there could be more than
250 saguaros per hectare [15]. For the simulation the value 250 will be used as their carrying
capacity.

• Average number of juveniles that survive under a nurse tree per tree, b:
From the total population of nurse trees, only trees older than 20 years old can be able to
nurse a juvenile saguaro successfully [16]. Assuming the ages of the nurse tree population
are evenly distributed, meaning there are equally as many trees at each age in their lifespan,
then with an average life span of 100 years, 20% of the nurse tree population cannot host a
juvenile saguaro, thus 1 minus 0.20 = 0.8. Additionally, this study assumes the average for
a juvenile to survives under a nurse tree is 1. Hence, 0.8 is our b value.

• Rate that juveniles become adults, γ:
According to information from the Saguaro National Park, the saguaro starts to produce
flowers at the age of 35 [17], and this study considers the saguaro an adult once is able to
reproduce. Hence our γ value is 1/35 yr.−1.

• Death rate of juveniles per year, µj:
In Orum’s study [8], it was found that 50% of the juvenile saguaro classes died over a 12-year
span. Therefore, the µj value is 0.5/12 yr.−1.

• Rate at which trees out-compete saguaros, α1:
In order to incorporate the competition between adult saguaros and nurse trees, it was
necessary to consider the case where trees out-compete the saguaros. From the literature, it
was found that as the saguaro grows older, it kills its nurse tree. Therefore, the probability
that a tree out-competes the saguaro is very small. Hence it is assumed α1 value is 1× 10−6

yr.−1.

• Average number of adult saguaros and nurse trees found in one hectare, k2:
From the k1 parameter, it is known that there are 250 adult saguaros per hectare. During
the literature review, ranges between 315 [15] and 1100 were found for palo verde trees [6].
The value of k1, 250, was added to the two new values, which yields a range from 565 to
1350 for k2. Although there is potential for variation, it was decided to create an average of
these quantities to better represent this in the model. Thus 565 plus 1350 divided by 2 =
957.5 per hectare.

• Death rate of adults per year, µa:
A saguaro has a life span of 150 to 200 years [17]. For consistency, the adult class in the
model can live from 115 to 165 years. The average of 115 and 165 is calculated, which is 140.
Therefore the death rate of an adult saguaro is 1/140yr.−1.

• Logistic growth term for palo verde population, φ:
Pavek [6] found in her research that additions of palo verde are naturally very slow. Only
two new trees have been registered in the past 30 years. Hence, 2 divided by 30 = 0.07 yr.−1

for the value of φ.

• Rate that trees die due to competition with saguaros, ρ:
Orum [8] found in his study that there was a high survival rate to freezes of saguaros under
80 years of age. This suggests that they are still protected by a nurse tree. Then, 80 minus
35=45 years is time the competition between adult saguaros and trees exists. So, the rate at
which there is a competition is 1/45. Furthermore, a nurse tree can live up to 100 years, then
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1/100 is the natural death rate of the tree [18]. To calculate ρ the value of b, the average
number of juveniles that survive under nurse trees, will also be needed.. Therefore, we have
1/45 times 1/100 times 0.8 (yr · indv)−1.

• Proportion of the carrying capacity, σ:
To calculate this unitless parameter value, from the logistic growth term in Equation 3c, ρ

and k2 were multiplied and divided by φ, σ =
k2 · ρ
φ

. Thus, the value of σ is 2.432.

• Frequency of buffelgrass caused wildfires and their effects on juvenile saguaros, θj:
In this model it was assumed the mortality rate of juvenile saguaros in a fire is 1 in the event
of a fire. Buffelgrass can be 1.5 m tall [19]. The fire can spread from shrub to shrub if the
distance between them is less than two times their height, then if buffelgrass is less than 3 m
apart, then fire will spread [20]. Taking this into consideration, 10, 000m2 (1 hectare) divided
by 9m2 (space needed per shrub) equals 1111.111 shrubs. Hence, approximately 1,111 shrubs
of buffelgrass is required for fire to spread in the given area. Additionally, fires in the Sonaran
Desert were uncommon, only burning about once every 250 years [21]. Now, data shows that
there have been an increase of 0.27% of burned land in 2000-2014 compared to 1984-1999
[22], which by subtracting by .0027 gives a frequency of about 0.997. Therefore, 1 divided
by the product of 1111, 250 and 0.997 = 0.00000361.

• Frequency of buffelgrass caused wildfires and their effects on adult saguaros, θa:
In Esra Büyüktahtakin study, it was found that after a fire, 68% to 85% of saguaros die, with
an average of 75% [23]. Doing similar calculations done for θj , we have .75 divided by the
product of 1111, 250 and 0.997 = 0.00000271.

• Frequency of buffelgrass caused wildfires and their effects on trees, θt:
In McLaughlin and Bowers study it was found that palo verde trees would have a 63% palo
verde trees in an area where a fire has occured die after the fire [24]. Because of this, we
assume that the mortality rate due to fire is .63 yr−1. Doing similar calculations done for
θj , we have .63 divided by the product of 1111, 250 and 0.997 = 0.00000227.

• Logistic growth term for buffelgrass population (birth-death), ω:
According to the information from the National Park Service Buffelgrass fact sheet, buffel-
grass has a increasing annual rate of 35% [10]. Hence, the value of ω is 0.35.

• Death by harvesting, µB:
According to the information from the Saguaro National Park website, it takes three years
of biannual visits to clear a plot of buffelgrass by harvesting [9]. Therefore µB value is 1/3
yr−1.

• Average number of buffelgrass found in an area (one hectare), k3:
In Esra Büyüktahtakin study, it was estimated that there could be up to 6 plants of buffelgrass
per m2 [23]. Since this model is doing the study over one hectare, then we have 60,000
buffelgrass plants per hectare.
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ParameterDescription Units Value Reference

r
Germination rate of saguaros

indv

year
4.725 [12, 13]

ε
Conversion of juveniles to adults
in terms of space unitless 0.113 [1, 14]

k1
Adult saguaro carrying capacity indv 250 [15]

b
Average juveniles under nurse
tree indv 0.8 [16]

γ
Saguaro maturation rate

1

year

1

35
[17]

µj
Juvenile death rate

1

year

0.5

12
[8]

α1

Rate nurse trees out-compete
saguaros

1

year
1× 10−6 assumed

k2

Approximate carrying capacity
of adults and nurse trees indv 957.5 [15, 6]

µa
Death rate of adult saguaros

1

year

1

140
[17]

φ
Growth rate of palo verdes

1

year
0.07 [6]

ρ
Rate adult saguaros out-compete
trees

1

year · indv.
0.8

45·100 [8, 18, 16]

σ
Proportion of the carrying capac-
ity unitless

ρ · k2
φ

=2.432 [8, 18, 16,
15, 6]

θj

Juvenile saguaro wildfire death
rate

1

year · grass 3.61× 10−6 [19, 20,
21, 22]

θa
Adult saguaro wildfire death rate

1

year · grass 2.71× 10−6
[23, 19,
20, 21,
22]

θt
nurse trees wildfire death rate

1

year · grass 2.27× 10−6
[24, 19,
20, 21,
22]

ω
Growth rate of buffelgrass

1

year
.35 [10]

µB
Harvesting rate of buffelgrass

1

year

1

3
[9]

k3
Carrying capacity of buffelgrass indv 60,000 [23]

Table 4: Model Parameters

5 Population Dynamics between only Saguaros and Nurse
Trees at Buffelgrass Extinction Equilibrium

In order to determine how an invasion of buffelgrass will affect the life cycle of saguaros and
their nurse trees, it is necessary to first examine the dynamics of the saguaros and nurse trees
without buffelgrass, that is at the B∗ = 0 equilibrium, where ω < µB . The dynamics seen in
Figure 3 show that when left to their natural life cycle, saguaros and nurse trees will coexist. In
the figure, the equilibrium population values are not used, so transitional dynamics can be seen.
The juvenile saguaro population increases to a point where it can no longer be supported by the
environment and then begins to decline. The adult population then increases as a result of the
juveniles aging to Sa, or adulthood. The juvenile population has such a drastic increase because of
the high germination rate. The subsequent peak in the adult population is smaller than that in the
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juvenile population, because juvenile also have a higher mortality rate then adults. The juvenile
population eventually decreases to zero because adult are taking up all the available space. Once
the adult population declines to a certain level, there is now room for new juvenile saguaros, so the
juvenile population is able to increase. Because of competition, as the adult saguaro population
increases, the tree population decreases, but begins to increase once the adult saguaro population
has decreased to a certain level. Although the tree population appears to die out, it does not. The
minimum value for T in Figure 3 is actually about T = 3. Eventually, all three populations are
able to coexist. This is because the parameter values used in this simulation satisfy the conditions
for coexistence and stability given in the analysis section. The simulation is calculated over a span
of 500 years in order to account for the long lifespans of palo verdes and saguaros, which are about
100 and 175, respectively.
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Figure 3: Dynamics of the system at B∗ = 0 with the baseline parameter values found in Table 4
and the initial conditions (Sj , Sa, T ) = (200, 150, 300), which are used throughout the simulations.
The sudden increase around year 200 in the juvenile saguaro population is due to max function in
Equation 1a.

In the sensitivity analysis in Section 7, the dynamics of the tree and saguaro populations
without buffelgrass are studied with respect to changes to the logistic growth for the palo verde
population (φ), the rate of tree death due to competition with saguaros (ρ), the average number
of juveniles that survive under a nurse tree (b), and the rate that seeds are germinated and survive
to one year (r). However, the only parameters from this list that could reasonably be changed in
the real-world are φ, the growth rate of trees, and r, the growth rate of juvenile saguaros. Each of
these rates could be increased by planting new trees or saguaros.
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Figure 4: The dotted blue line represents the baseline case for the parameters, given in Table 4.
The arrows represent the direction that values of the equilibrium populations are changing as r is
decreased.

In Figure 4, as r is increased, the Sj and Sa populations at coexistence for equilibria are
increased, but not by much. The value at equilibrium for the nurse tree population, T , is slightly
decreased, because an increased Sa population increases the competition faced by trees. It can
be inferred that trying to increase the saguaro population by increasing the growth rate is not an
effective strategy. However, varying φ has a greater effect.
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Figure 5: The dotted blue line represents the baseline case for the parameters, given in Table 4.
As φ is increased, the final values for the populations Sj , Sa, and T also increase.

From Figure 5, it can be inferred that increasing φ in order to increase the saguaro population
would be an effective strategy. This could be achieved through volunteers planting trees. Changing
φ can also be thought of as having the same effect as changing b, because increasing φ increases
the nurse tree population, which increases the term bT . Since bT increases the carrying capacity
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of juvenile saguaros, increasing this term results in a greater saguaro population.

6 Population Dynamics at Buffelgrass Existence Equilibrium
The effects of buffelgrass on the saguaro cacti and palo verde populations were incorporated in

the θ terms in the model of Section 2. These terms capture the death of saguaros by wildfire by
averaging out the deaths over the frequency of wildfires to get a constant term.
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Figure 6: This figure compares the population dynamics of the saguaros and nurse trees at B∗
1 = 0

(left) and B∗
2 = k3

(
1− µB

ω

)
(right).

To show the dynamics of the populations, the buffelgrass population was taken at equilibrium,
B∗

2 = k2

(
1− µB

ω

)
= 2857.14, with the baseline parameter values, including ω > µB . In Figure

6, the buffelgrass population is not shown because the population is much larger than the other
species, and because its dynamics are not affected by the other species. With the inclusion of
buffelgrass, there is not a great change to the equilibrium population values, which is due to the
small θ values at the baseline. However, the adult saguaro and tree populations do decrease and
the juvenile population increases. Also, equilibrium of the three species is reached sooner. This is
most likely because of the higher death rates for saguaros and trees.

6.1 Varying the Parameters Associated with Buffelgrass
It is known that natural fires in the Sonoran Desert used to happen about once every 250 years

[21]. Natural wildfires occur randomly, and are caused by natural phenomena, such as lightning.
In an undisturbed desert ecosystem, wildfires spread slowly, if at all, due to lack of fuel material,
and therefore it is easier to contain and diminish destruction. As mentioned earlier, buffelgrass
is an excellent fire fuel, and therefore, it allows fire to burn stronger and longer. The presence of
buffelgrass in the desert ecosystem allows fire to easily spread among all native species. Therefore,
it can be said that in a wildfire situation, buffelgrass acts as conductor of fire through an area.
Buffelgrass becomes a greater threat to the ecosystem when the population is high and fire fre-
quency increases due to human behaviors, such as leaving camp fires unattended or committing
arson.

This study intends to see the effects of the increase of fire frequency with a high buffelgrass
population on saguaros and their nurse trees. Hence, it was decided to vary the parameters values
related to fire frequency, θ’s, buffelgrass growth rate, ω, and death of buffelgrass by harvesting,
µB . The following figures show the effects of increasing the θ values by increasing the frequency
of wildfires on the populations.
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Figure 7: This figure shows the effects of varying each θ on the saguaro and tree populations
at time 400, when the populations have reached their equilibrium values. The y-axis gives the
population values, and the x-axis gives the θ values in (yr · grass)−1.

From the first graph in Figure 7, it can be seen that varying θj does not result in much change
in the equilibrium populations. Because the juvenile population is based on the adult population,
increasing θj by itself does not greatly affect any of the populations. If it is greatly increased, θj
will eventually cause the decline of the juvenile and adult saguaro populations and the increase in
the palo verde population.

As the value of θa is increased, the adult saguaro populations approach extinction. However,
the juvenile population increases with θa up to a point. This is because juvenile saguaros compete
with adult saguaros over space, so when adults die, there is more space available for juveniles.
When there is no longer enough adult saguaro to produce juveniles, the juvenile population also
begins to decline. The tree population increases because of the lack of competition. In reality, this
would not occur because the increased frequency of fires would also affect the tree population. As
expected, in Figure 7, increasing the θT value does not greatly affect the adult and juvenile saguaro
populations. However, increasing θT even by a small amount causes the palo verde population to
become extinct. The slight decrease in the saguaro populations is because as the nurse tree pop-
ulation declines, fewer juveniles will be germinated and survive. This in turn causes a decrease in
the adult population.

Comparing Figure 6b and Figure 7, it is reasonable to conclude that increasing the frequency
of wildfires will drive both the saguaro and palo verde populations to extinction, if increased to a
great enough frequency. Further evidence of these changes in the saguaro and nurse tree population
is shown in Figure 8.
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Figure 8: Here the wildfire frequency is increased and the resulting population dynamics of saguaros
and nurse trees are shown.

Since the current wildfire frequency in the Saguaro National Park could not be found, the
true values of the θ terms are not known, and the values given in Table 4 may not be accurate.
As mentioned previously, the frequency of wildfire can be increased by random events by human
interventions, and be more destructive with the presence of buffelgrass. Therefore, in order to an-
swer the question as to whether buffelgrass will cause the extinction of the saguaro and nurse tree
populations, different wildfire frequencies were tested with the model equations in Figure 8. An
interesting detail to notice is that in the second graph in Figure 8, the juvenile saguaro population
surpasses that of the adult. This behavior coincides with the dynamics in Figure 1, which show
the actual dynamics occurring in Saguaro National Park. Therefore, this result might imply that
the actual wildfire frequency is closer to once every 50 years rather than once every 250 years,
which is the historical occurrence. The reasoning for this is that buffelgrass propagates unnatural
wildfires, such as those caused by human activity, which would otherwise not occur. The threshold
wildfire frequency value for the juveniles surpassing the adults is 84 years. Furthermore, the results
from this figure also show that increasing wildfire frequency to every 10 years would result in the
extinction of nurse trees, (S∗

j , S
∗
a , 0, B

∗), and increasing the frequency to every five years would
eliminate saguaros, (0, 0, 0, B∗). The threshold wildfire frequency for the extinction of nurse trees
in an area is one wildfire every 24 years. The case where saguaros are eliminated by wildfires
but trees are able to survive does not occur with the current parameter values for Equation 1c.
However, if the growth rate of trees were to increase, this case may be found. Since buffelgrass
causes the increased spread of fires, we can assume that reducing the amount of buffelgrass would
allow the natural wildfire rate to hold.

The next step is to examine the effects of employing strategies to decrease the buffelgrass
population. These strategies include reducing the growth rate, which could be done through
chemical spraying, and increasing the harvesting term, by increasing the rate it takes to eliminate
a patch of buffelgrass.
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Figure 9: Effects of decreasing ω from .35 to 0 on the population values of Sj , Sa, T . The blue
dotted line shows the dynamics with the baseline parameter value of ω = .35. The arrows show
the effect of decreasing ω on the equilibrium populations.

Figure 9 shows the changes in the juvenile and adult saguaro and tree populations from de-
creasing the buffelgrass growth rate, ω. These changes include greater resulting populations for
adult saguaros and trees. However, the resulting juvenile population is smaller, which is because
more saguaros are able to age into adulthood, which decreases the available space for new juveniles.
Although the equilibrium tree population increases, it takes longer for the tree population to grow
back after the initial decrease due to competition with the growing adult saguaro population. This
is because the peak value for the adult population increases with the decrease of ω and slows the
growth of trees through competition.
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Figure 10: Effects of increasing µB from 1
3 to 1

2 on the saguaro and tree population values. The
dotted, blue line represents the dynamics with the baseline parameters, µB = 1

3 yr
−1.

The results of Figure 10 are similar to those of Figure 9. In Figure 10, it can be seen that
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increasing the harvesting rate can increase the adult saguaro and nurse tree populations, while de-
creasing the juvenile population at the final time in the simulation, because more saguaros are able
to age into adulthood and therefore take up space that would otherwise be available for juveniles.

This study is looking at the impact of wildfires fueled by buffelgrass on the saguaro and nurse
tree populations. From Figure 8 we can conclude the increase of the wildfires frequency can lead to
the saguaro and nurse tree population extinction if the wildfire frequency increases to about every
5 years, which will lead to an alteration of the Sonoran Desert ecosystem. From Figures 9 and 10,
it can be inferred that taking measures to reduce the growth rate and increase the harvesting rate
of buffelgrass would result in an increase of the adult saguaro and tree populations, which would
protect the Sonoran Desert ecosystem. Because these strategies have about the same effect on the
equilibrium populations, it will be important to compare the implementation costs of each strategy
to determine which is more efficient.

7 Sensitivity Analysis
The type of sensitivity analysis used for the model is a local sensitivity analysis, which quantifies

the effects of slightly perturbing the value of a critical parameter on a quantity of interest. In this
case the value of the critical parameter is changed by one percent and the quantities of interest are
the equilibrium populations. However, these results are only valid for a small region around the
baseline solution. When looking at the results in Tables 5 and 6, it is important to note that the
sign of each sensitivity index gives the direction of the change in the quantity of interest, and the
value gives the magnitude of the change in percentage. [25].

7.1 Sensitivity Analysis of Critical Parameters at Buffelgrass Extinction
Equilibrium

In this section, sensitivity analysis is going to be performed on critical parameters of the basic
model with buffelgrass at extinction equilibrium B∗ = 0. The parameters being analyzed are the
rate that seeds are germinated and survive to one year, r, the average number of juveniles that
survive under a nurse tree per tree, b, and the logistic growth term for palo verde population, φ,
since they can be controlled.

Sensitivity Analysis r b φ
Sj 0.0013 0.1006 0.6534
Sa 0.0013 0.1006 0.6534
T -0.0084 -0.6534 2.2520

Table 5: Sensitivity indices of the population values of Sj , Sa, and T at equilibrium when changing
the parameter values by 1% from their baseline value given in Table 4.

In Table 5 it can be seen that for all critical parameters, Sa and Sj have the same sensitivity
index with respect to these parameters. This is because any change in the juvenile population will
affect how many saguaros will reach maturity, or become adults. Furthermore, any change in the
adult population will affect how many new juvenile saguaros are produced. Therefore affecting one
population will affect the other by an equal amount at equilibrium. Furthermore, Table 5 shows
that increasing r, the germination rate of juvenile saguaros, by 1%, will only slightly affect the
saguaro and nurse tree populations, increasing the saguaros by 0.001% and decreasing the nurse
trees by .0084% due to competition with the increased adult saguaro population. The parameter
b has a greater effect on the equilibrium populations than r and increases the saguaro populations
by 0.1006% when increased by 1%. This is because the carrying capacity of juveniles is increased
by increasing b, which increases bT , resulting in more juveniles and thus more adults. The tree
population is decreased by 0.6534% due to increased competition. The parameter φ had the
greatest effect on all of the populations. Increasing φ by 1% allows for the tree population to grow
by 2.2520%. This increase allows the juvenile population to grow through an increased carrying
capacity and thus allows the adult population to grow. Therefore, increasing φ is not only the
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most efficient way to increase saguaro population in the absence of buffelgrass, but also promotes
the growth of the tree population.

7.2 Sensitivity Analysis of Critical Parameters at Buffelgrass Existence
Equilibrium

One of the goals of this study is to see the impact of wildfires and buffelgrass on the saguaro
and nurse tree populations. Therefore, a local sensitivity analysis is performed on θj , θa, θT , µB ,
ω and φ parameters. This analysis will support the results of the simulations in Section 6.

Sensitivity
Analysis θj θa θT µB ω φ

Sj −3.92× 10−4 0.4916 -0.0753 -8.3189 8.3232 0.7213
Sa −3.92× 10−4 -0.0111 -0.0753 1.7351 -1.7354 0.7213
T 0.0028 0.0803 -0.2980 4.2973 -4.2973 2.8558
B N/A N/A N/A -20 20 N/A

Table 6: Sensitivity indexes of the population values of Sj , Sa, T , and B after 400 years when
changing the parameter values by 1% from their baseline value given in Table 4.

For the analysis in Table 6, the populations were used at their previously found coexistence
equilibria values, that is Sj = 157.588, Sa = 313.478, T = 105.202, and B = 2857.14. After running
the baseline equations to equilibria, the parameters were varied and then run again to measure
changes. This analysis shows that when increasing θj by 1% the saguaro population decreases by
3.91x 10−4%, and the tree population increases by 0.0028% since there is less competition with
adult saguaros. The increase of θa, will directly decrease adult saguaro population by 0.01111%
but will increase the juvenile saguaro population by 0.49% since it creates more available space for
their establishment. The increase of θa will also positively affect the tree population by increasing
it by 0.08%, since the death of adult saguaros decreases the competition between them and the
trees. On the other hand, the increase of θT , will decrease all populations, the saguaro population
by 0.07% and the tree population by 0.29%. Furthermore, it can be seen that the saguaro, nurse
tree, and buffelgrass populations are most sensitive to changes in µB and ω. The increase of µB
would decrease the buffelgrass and juvenile saguaro populations by 20% and 8.32% respectively,
and increase the adult saguaros and trees by 1.73% and 4.29% respectively. An increase in adult
saguaros limits the space available for juvenile saguaro establishment, through competition for
space. Finally, the increase of ω will increase the buffelgrass and juvenile saguaros populations
by 20% and 8.32% respectively, but decrease the adult saguaros and trees by 1.73% and 4.29%,
respectively. Since there is more buffelgrass, there are fewer juvenile saguaros becoming adults and
staying in the juvenile class, which declines the growth rate of the adult and tree population. The
juveniles are also limited in capacity by the reduction in nurse trees. Therefore, from these results,
the most efficient way to protect the saguaro and nurse tree populations would be to reduce the
buffelgrass population by either decreasing ω or increasing µB .

8 Discussion
The saguaro cactus, a keystone species for the Sonoran Desert, has recently faced a decline

in its population. Throughout the harsh summers, many species, such as the endangered honey
bee or the antelope jack rabbit, rely on the fruits and flowers of the saguaro for food. Saguaros
only produce these fruit and flowers during their two month seed germination period, which occurs
yearly from June to August. Saguaros do not produce any fruit or flowers until roughly 35 years
of age, at which point they becomes a fully reproductive adult. Unfortunately, this is because the
saguaro’s growth is very slow and they are susceptible to freezes during their first years, but can
live up to two hundred years. The juvenile saguaro needs a nurse tree during its first thirty-five
years to be able to survive to adulthood, and this creates commensalism between the juvenile and
nurse tree. Additionally, because the root system of the saguaro is laterally extensive and shallow,
a competition of space is created only between adult saguaros and nurse trees.
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Although this is the natural life cycle of the saguaro, it can be altered with the presence of
the non–native buffelgrass. Buffelgrass root systems expand vertically several meters deep into the
soil, rather than horizontally and shallow, like most other native plants. This allows them to grow
right next to other plants, including saguaro, nurse tree, or other buffelgrass. The deep root system
allows it to quickly reemerge after a fire. Buffelgrass is characterized for being an excellent fire
fuel that allows to fire to burn longer and propagate easily, and cause the death of native species.
After the wildfire, buffelgrass can quickly regrow after a week and invade newly available spaces.
This represents a danger to nurse trees, such as the palo verde, and saguaros, since there is no
space for new establishments.

A mathematical stage structured model was built and analyzed to study the interactions be-
tween these saguaros, trees, and buffelgrass wildfires. The decision to classify between juvenile and
adult saguaro cactus was motivated by the complexity and long life of the species. To better first
understand the natural dynamics of the saguaros and its nurse trees, a simple model was studied
and analyzed.

In order to maintain a stable population equilibrium, several conditions were found. The ex-
pected number of adult saguaro cacti produced by one adult saguaro in the presence of nurse trees
must be greater than one for population maintenance among the cacti. However, perhaps the most
important realization of the analysis with buffelgrass, is from Theorem 1, coexistence. Numeri-
cally, results show that the stability of saguaro cactus populations does exist with buffelgrass for
the baseline set of parameter values. Ideally, buffelgrass should be reduced to increase the available
space for cacti and nurse trees.

From the numerical simulations it was found that at the buffelgrass extinction equilibrium, the
saguaro and nurse tree populations are able to coexist. In this case, the most efficient way to
influence the production of more adult saguaros is to increase φ, the growth rate of trees. From
the numerical simulations at buffelgrass existence equilibrium, it can be seen that with the current
wildfire frequency, given in Table 4, the saguaro and nurse tree populations are able to coexist
with buffelgrass. However, if the wildfire frequency increases, saguaros and nurse trees would be
put at risk. The best way to reduce this risk according to both, the simulation and sensitivity
analysis, is to reduce the buffelgrass population by decreasing ω, the growth rate of the buffelgrass
population, and increasing µB , the harvesting rate affecting the buffelgrass population.

From the results of the simulation, it can be inferred that the most efficient way to protect the
saguaro population is to decrease the buffelgrass population through the application of herbicide,
reducing the buffelgrass growth rate, or by hiring workers or recruiting more volunteers to pull up
buffelgrass, increasing the harvesting rate.

Future work for this model should be the inclusion of optimal control strategies on reducing the
buffelgrass and increasing saguaros as well as their nurse trees. The reduction of buffelgrass would
help to maintain the saguaro cacti population by diminishing the spread of wildfires through the
desert. However, controlling buffelgrass invasion requires resources that come with a cost. Through
optimal control analysis, the results would shed some insight to which strategies are better than
others to keep the cost low and make an impact on reducing buffelgrass. Additionally, the inclusion
of commensalism and competition of the buffelgrass with the saguaro and nurse trees populations
can be explored in the model. Further, the model could take into account a random increase of
wildfires caused naturally or by human intervention. A method that can be used to explore this is
through the use of stochasticity.
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10 Appendix

10.1 Jacobian of Model Equations with Buffelgrass
The general Jacobian of the model equations after the inclusion of buffelgrass is given below.




− r · ε · S∗
a
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a

k1 + bT ∗

)
rbS∗
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T ∗
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0 −φ · σT
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(
1− 2T ∗ + σS∗
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0 0 0 −µB + ω

(
1− B

k3

)
− Bω

k3




(11)

10.2 Numerical Simulations of Coexistence Conditions and Stability
Using the parameter values given in Table 4, the coexistence of the saguaro and nurse tree

population can be verified with and without the inclusion of buffelgrass.

10.2.1 Coexistence at Buffelgrass Extinction Equilibrium

In order to verify that saguaros and nurse trees coexist without buffelgrass, it is necessary to
prove that the conditions described in Section 3 hold true for the estimated parameter values. The
conditions for having at least one positive root are as follows:

φ

ρ
>

k1
1 + E

(
1− 1

Rd1

)
, (12a)

and Rd2 > 1; (12b)

with the parameter values given in Table 4, these conditions are satisfied. That is, since these con-
ditions are shown to be true, the model will have at least one coexistence equilibrium. Furthermore,
once the possible equilibrium values are found, the condition

S∗
a <

φ

ρ
(13)

must be satisfied for each in order for two coexistence equilibria to exist.

The equilibrium population values of the trees and juvenile saguaros depend on the quadratic
equation for the value of Sa. Numerically solving this quadratic gives two possible equilibrium
populations for the adult saguaro population, Sa1 = 341.225 and Sa2 = 3.975 49× 108. Since only
the equilibrium point, Sa = 341.225 satisfies Equation 13, there is only one coexistence equilibrium.
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For the existing equilibrium population of Sa, the other population values are S∗
j = 85.3079 and

T ∗ = 127.726.

The stability of the existing coexistence equilibrium can be shown at least for our given param-
eter values from Table 4 by substituting the equilibrium population values into the Jacobian of
the model equations from Equation 11. Since not all of eigenvalues have a negative real part, the
equilibrium point is not stable for this particular set of parameter values. This just means that if
buffelgrass is introduced into the population it will not die out.

10.2.2 Coexistence at Buffelgrass Existence Equilibrium

To verify the coexistence of the saguaro populations, nurse trees, and buffelgrass we need to
check that the conditions mentioned in Section 3 hold true for the estimated parameter values.
The conditions for the existence of two roots are the following,

φ̃

ρ
>

k1

1 + Ẽ

(
1− 1

Rd3

)
and Rd4 > 1

With the baseline parameter values given in Table 4, and the new parameters for the buffelgrass
model from the Appendix A Section 2, these conditions are satisfied. Since these conditions are
shown to be true, the model will have two possible coexistence equilibria. The equilibria popula-
tion values of the trees, juvenile saguaros, and buffelgrass depend on the quadratic equation for

the value of S∗
a , and existence depends on the inequality S∗

a <
φ̃

ρ
. Solving the quadratic for S∗

a

gives two possible equilibrium populations for the adult saguaro population, Sa1 = 313.478 and

Sa2 = 5.953 58× 109. However, only one of these values satisfies S∗
a <

φ̃

ρ
, Sa = 341.225. For the

existing equilibrium population of Sa, the other population values are Sj = 157.588, T = 105.202,
and B = 2857.14.

The stability of the coexistence equilibrium can be shown numerically for the given parameter
values by substituting the baseline parameters from Table 4, the new parameters for buffelgrass
model, and the equilibrium population values into the Jacobian of the model equations from
Equation 11 in Appendix. Since the real part of each eigenvalue is negative, the equilibrium point
is locally asymptotically stable, for the values of Table 14.

10.3 Adding Seasonality with Buffelgrass at Extinction Equilibrium
To incorporate the seasonal dynamics of the saguaro populations, the reproduction rate, r, is

changed, and the death terms for the saguaro populations µj and µa are to be functions of time.
In the literature, it was found that saguaros only reproduce for a two month period of the year
from May to June, June to July, or July to August. The particular two month period depends on
their location [26].

For the reproduction rate, a sinusoidal function is created to force the expected behavior of the
growth rate, that is given by:

rnew(t) = (2 · ravg) · cos14
(
3t+

π

2

)
(14)

In the Equation 14, 3t+ π
6 is used to center the function over the middle of the year so that births

only occur between May and August. This is also the reason cos 14th is used, to force the rate to
be centered over the middle of the year. The amplitude is the average growth rate, or ravg, given
on the y axis of Figure 11.
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Figure 11

For the death rate of the adult and juvenile saguaros, respectively, we have,

µa new = µa avg · cos14(3.15t) + µa natural,

and
µj new = µj avg · cos14(3.15t) + µj avg.

Similarly to the growth rate equation, the cos14(3.15t) term is used to force the death rate to
increase in the winter months, when saguaros in both age groups are susceptible to freezing tem-
peratures. For the adults, the amplitude is the average death rate due to freezing and the cosine
function is added to the rate that saguaros reach their natural lifespan. For the juvenile saguaros,
the minimum of the function is the average death rate, which doubles in winter months.
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Figure 12: Death rate of adult and juvenile saguaros over one year.

The resulting changes in the model can be observed in Figure 13.
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Figure 13: Difference in the systems with and without seasonality using the baseline parameter
and same initial population values as Figure 3.

Figure 13 shows the change to seasonal recruitment and death rates causes saguaro populations
to reach equilibrium sooner and limits their peak population values, which is due to decreasing the
germination rate by only making germination possible at certain times of the year. The equilibrium
populations for juveniles and trees are increased, but the equilibrium adult saguaro population is
decreased. This is because the death rates of the saguaro populations are increased during the
winter. This does not result in a smaller juvenile population, because less adults means more room
for juveniles to grow. The increased tree population is also due to the decreased adult saguaro
population, and also allows more juveniles to grow.
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