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Abstract

Chaos in ecological systems poses a fundamental challenge to long-term prediction and conservation
planning, as even small differences in initial conditions can lead to drastically different outcomes over
time. Traditional methods for detecting chaos, such as those based on Lyapunov exponents (LEs), yield
mixed results against increasing levels of noise in field data. In this study, we address a critical gap in
the literature: quantifying the extent to which prediction error is due to deterministic variance versus
stochastic noise. We show how to assess the reliability of the Lyapunov exponent by quantifying the pro-
portion of forecast error due to noise. We introduce an ensemble-based framework that perturbs observed
initial conditions and propagates forecasts through a local surrogate model to estimate the contribution
of deterministic divergence, intrinsic stochasticity, and measurement error to total forecast variance.
Additionally, we explore applications of this framework within ecological data, evaluating the reliability
of the Lyapunov exponent for different dynamical systems. Preliminary results suggest that increasing
levels of stochastic noise require disproportionately greater measurement uncertainty to account for the
observed dynamics through deterministic models. By combining principled uncertainty decomposition
with the traditional LE detection method, our approach offers new tools for understanding the limits
of predictability in complex ecological systems and for distinguishing between intrinsic unpredictability
and noise-driven variation in population dynamics.
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1 Introduction

Irregular fluctuations in population abundances are commonly observed in ecological systems. These fluctu-
ations are often caused by sources of noise including random birth, death, and migration processes, environ-
mental perturbations, large-scale catastrophic events, and measurement errors (Dennis et al., 2001; Lande,
1993; Sugihara & May, 1990). However, some ecologists argue that these irregular dynamics may not solely
result from stochasticity but instead arise from chaotic oscillations. Unlike stochastic fluctuations, chaotic
dynamics are fundamentally deterministic, emerging through nonlinear interactions as populations inter-
act with resources, competitors, and predators (Dennis et al., 2001; Ellner & Turchin, 2005). Differentiating
chaotic dynamics from stochastic fluctuations is crucial because chaos, despite appearing unpredictable in the
long term, retains a degree of short-term predictability (Rogers et al., 2022). Conversely, pure stochasticity
imposes fundamental limitations on predictability, even over short intervals.

One commonly used metric for distinguishing chaotic from non-chaotic systems is the Lyapunov exponent
(LE), which measures the average exponential rate at which infinitesimally close trajectories diverge in
phase space. A positive dominant Lyapunov exponent typically indicates chaotic dynamics, whereas zero
or negative values signify periodic or convergent behavior. However, analytically computing the Lyapunov
exponent requires both infinite observation time and precise knowledge of the system’s Jacobian, conditions
rarely met in empirical settings. Consequently, in most practical scenarios, the Lyapunov exponent must be
approximated from observed data.

Ecological systems, unlike many physical systems, are particularly challenging because the underlying dynam-
ics are rarely fully known, and obtaining complete state measurements is often infeasible. Thus, techniques
that reconstruct the system’s state space directly from observed time series data, such as time-delay embed-
ding, have become invaluable tools in ecology. According to Takens’s theorem, time-delay embedding allows
for a faithful reconstruction of the underlying dynamics of the attractor of a system using observed scalar
time series alone. Within this reconstructed phase space, methods such as the Sequential Locally Weighted
Global Linear Map (S-Map) approximate the local dynamics without requiring explicit knowledge of the
underlying model (Sugihara, 1994). Rogers et al. (2022) recently applied this method to ecological time-
series data from the Global Population Dynamics Database (GPDD), suggesting that chaos might be more
widespread in ecological systems than previously thought, classifying 34% of 171 GPDD datasets spanning
various species as exhibiting chaotic dynamics (NCEAS 2264: Murdoch: Complex Population Dynamics &
Synthesis, 2004).

Nevertheless, approximating the Lyapunov exponent from real-world data is complicated by the ubiquitous
presence of noise. Noise can distort Lyapunov exponent estimates significantly: it can artificially inflate
the exponent, creating spurious indications of chaos in non-chaotic systems, or it can reduce the exponent,
thereby masking genuine chaotic dynamics. Previous research has shown clearly how noise affects Lyapunov
exponent estimates even when the true underlying system is known (Serletis et al., 2007). Thus, noise poses
a fundamental challenge for interpreting Lyapunov exponents derived from methods like S-Map in ecological
systems.

To address this issue, our work introduces a novel uncertainty quantification framework designed to partition
the variability in estimated Lyapunov exponents into components attributable to deterministic sensitivity
(chaos) and stochastic noise. Specifically, we decompose prediction error from the S-Map fitting into two
distinct sources: intrinsic sensitivity to initial conditions and extrinsic stochastic influences. By validating
this approach with synthetic datasets, where both the dynamics and noise levels are precisely controlled, we
assess the reliability of Lyapunov exponent estimates in varying noise conditions. Our results aim to clarify
under what circumstances the presence of a positive Lyapunov exponent genuinely reflects underlying chaotic
dynamics versus when it may simply be a noise-driven artifact. Ultimately, this research seeks to enhance
confidence in classifying ecological systems as chaotic or non-chaotic, thereby improving the robustness and
interpretability of Lyapunov exponent-based analyses in ecology.
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2 De�nitions of Chaos and Stochasticity

To rigorously distinguish chaos from stochasticity, we must �rst distinguish between deterministic and
stochastic systems. Generally speaking, in a deterministic system, perfect knowledge of the current state
allows perfect prediction of all future states. In contrast, even with perfect knowledge of the current state
of a stochastic system, we cannot exactly predict any future states. More precisely, we de�ne \chaos" and
\stochastic" as follows:

2.1 Chaos

Following Alligood et al. (1998), we de�ne sensitivity to initial conditions in a discrete-time system as
follows:

De�nition 2.1. Let � = f : : : ; x � 1; x0; x1; : : :g be an orbit of a dynamical system, and letxn be any point
in � . Consider the ball B of radius � around xn for any given � > 0. If for at least one trajectory passing
through a point yn in B at the nth timestep, there exists a �nite, positive k such that at the (n + k) timestep,
jyn + k � xn + k j > � , then the orbit � is sensitive to initial conditions.

De�nition 2.2. A deterministic dynamical orbit is chaotic if it exhibits the following properties:

1. it is aperiodic;

2. no Lyapunov exponent at any point in the orbit is 0;

3. it exhibits sensitivity to initial conditions.

2.2 Stochasticity

There are three sources of stochasticity inherent in populations: demographic, environmental, and catas-
trophic (Dennis et al., 2001; Lande, 1993). Demographic stochasticity is the \variability in population size
caused by independent random contributions of births, deaths, and migrations by individual population
members" (Dennis et al., 2001). Demographic stochasticity is more important in small populations than in
large populations, as it has a more pronounced e�ect on their sizes (Lande, 1993). Environmental stochastic-
ity arises from a \nearly continuous series of small or moderate perturbations" in the environment (Lande,
1993). For a given stage class (eg. the larval class) in a population, the birth and death rates of individuals
within the class are similarly a�ected by these perturbations (Lande, 1993). This form of stochasticity a�ects
the sizes of both large and small populations. Following Lande (1993), we classify catastrophes as being sep-
arate from environmental stochasticity because catastrophes can have large e�ects on population size (rather
than small or moderate). We refer to these three sources of stochasticity asprocess noise .

Measurement or sampling error|random 
uctuations associated with sampling or quantifying populations|
are also a signi�cant source of noise in real data sets. However, we separate it from other sources because it
is not inherent in populations. We de�ne this source of error asmeasurement noise .

We hereafter refer to anything related to stochasticity or randomness as beingnoise .

3 Methods

This work addresses the problem of assessing the reliability of the LE as a chaos classi�cation tool. We
tested the LE's sensitivity to noise by increasing the levels of stochasticity in a system for di�erent dynamical
regimes. Moreover, we also examined and tested the reliability of other classical chaos detection techniques
(prediction-decay and di�erence plots) as alternatives to using the LE.

Following the work of Rogers et al. (2022), we implemented the \S-Map" to reconstruct the attractor of an
unknown dynamical system using time-delay coordinates. This reconstruction enabled us to estimate the
Lyapunov exponents for �eld data where we only knew the time-series. Because high levels of noise degrade
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the LE's ability to distinguish chaos, we developed a framework for quantifying determinism and noise as pro-
portions of the total variance in a system. Using the time-delay reconstruction, we applied our quanti�cation
framework to the same �eld data in order to evaluate the accuracy of the LE's classi�cation.

3.1 Calculating the Lyapunov Exponent With Noise

Given a biological processxn +1 = F (xn ), F is the map between the current state and state at the next
time step, for n 2 Z. If we examine the dynamics of the system within a neighborhood of each time
step, F (xn ) � Jn xn , where Jn is the Jacobian matrix describing the rate of change of the system at that
time step n. We compute the dominant Lyapunov exponent for the entire orbit by �nding the dominant
eigenvalue of the product of Jacobians for alln (Alligood et al., 1998). While the formal de�nition of the
dominant Lyapunov exponent involves taking a limit, the �nitude of real time series data necessitates this
approximation:

� =
1
N

ln

�
�
�
� �

 
NY

n =1

J (xn )
� �

�
�
�
�

where �() calculates the dominant eigenvalue (Rogers et al., 2022).

Using the orthogonal and upper triangular (QR) decomposition method outlined by Sandri (1996) we cal-
culated the L.E. for

1. simulated data, where we analyzed 1000 time steps (including a 100 point burn-in) to ensure conver-
gence on the chaotic attractor, and

2. �eld data, where the transience was proportional to the dataset.

To analyze �eld data when the underlying dynamical system is unknown, we follow the approach of Rogers
et al. (2022) and Sugihara (1994), usingtime-delay embeddingand local linear approximations. Here, we
assume that the system is in discrete time.

Given a time seriesf x0; x1; � � � ; xn ; � � � ; xK g where n 2 f E � 1; E; � � � ; K g, we reconstruct the attractor in
the state space via delay coordinates for each pointxn :

xn = [ xn ; xn � 1; : : : ; xn � (E � 1) ];

Here, E is the dimension of the embedding and the reconstruction space.

Takens' Theorem anchors this reconstruction:

Theorem 3.1. Takens' Theorem. Assume thatA is a d-dimensional submanifold ofRk which is invariant
under the dynamical systemg. If E > 2d and F : Rk ! RE is a delay coordinate reconstruction function
with a generic measurement functionh and generic time delayT, then F is one-to-one on A.

Because of Takens' Theorem, we guarantee that the dynamics of the points in the reconstruction space
correspond to those of the attractor in the original (unknown) system by choosing an embedding dimension
of E > 2d, where d is the dimension of the attractor in the state space.

To approximate a function F that forecasts

xn
F�! xn + Tp

where Tp is the number of timesteps in the future, we use the S-Map (Sequential Locally Weighted Global
Linear Map).

For each embedding vectorxn , we use a local linear approximation forF such that:

xn + Tp � i � a0 + a1xn + a2xn � 1 + � � � + aE xn � (E � 1)

for each entry in the embedding vectorxn + Tp , where 0� i � E � 1:
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We calculate the coe�cients a0; a1; � � � ; aE through a weighted linear regression of all the other embedding
vectors xm in the time series wherexm 6= xn . Here, we di�er from Sugihara's approach, because our training
library does not omit the embeddings xm which share any point(s) in common with xn . While Sugihara
recommends omitting these embeddings to avoid over�tting, we found that the accuracy of the S-map's
approximation plummeted with these omissions. Since we were only interested in the current dynamics and
not future predictive ability, we decided that over-�tting was not a major concern.

Because the S-map is aweighted linear regression, we assign a weight to each embeddingxm :

wm = e
� � ( jj x m � x n jj )

�d

where �d is the average distance between the vectorsxm and the vector xn :

To test the reliability of the L.E. as an indicator of chaos, we calculated it multiple times for increasing levels
of noise. We chose two systems to generate solutions: the LPA model and the logistic equation. For both
models, we selected our initial conditions and parameters to generate solutions for (1) a chaotic regime, (2)
a non-chaotic regime, and (3) a �xed point.

Next, we added noise to the system, scaling the noise in proportion to the population at that time-step. For
each level of variance, we calculated the L.E. 100 times and then computed the average. Our plots give these
average Lyapunov exponents.

3.2 Prediction-Decay and Di�erence Plots

Because the Lyapunov exponent is potentially misleading in the presence of noise, we tested Sugihara's
method of prediction-decay and di�erence plots as an alternative means of detecting chaos (Sugihara,
1994).

Prediction-decay plots and di�erence plots can both be used when the S-Map is conducted on a given time
series. While they do not provide conclusive results in regard to the presence of chaos, they may signal its
existence (Sugihara, 1994).

A prediction-decay plot demonstrates the relationship between� , the correlation coe�cient between predicted
and true values of future points xn + Tp , and Tp. � is a measure of the prediction accuracy of the local linear
approximation generated by the S-Map (Sugihara & May, 1990).

According to Sugihara, for a system exhibiting chaotic dynamics,� should decline exponentially with in-
creasingTp (Sugihara, 1994). This seems to be a plausible assumption, as trajectories in a system with a
chaotic attractor are sensitive to initial conditions and at �rst diverge exponentially with increasing time.
Therefore, it is not unreasonable to assume that prediction accuracy will decay exponentially as we use our
local linear approximation to forecast further into the future.

In contrast, for a system with uncorrelated, additive noise, Sugihara & May (1990) assert that the prediction-
decay curve for such a system should stay relatively constant with increasingTp|predictions have a �xed
amount of error regardless of the number of timesteps the approximation projects ahead.

A di�erence plot exempli�es the relationship between � and � , the parameter controlling the values of the
weights wm when conducting the S-Map. Sugihara conjectures that when the prediction accuracy of the
local linear approximation is higher for a larger value of� , then nonlinear interactions are likely to be present
in the dynamical system. When � is zero, a global linear regression is conducted on all of the embeddings
xm in the time series (Sugihara, 1994). When� is positive, the linear regression is locally weighted. When
a system exhibits chaotic dynamics, which emerge from strong nonlinear interactions, Sugihara posits that
� will increase with � in the di�erence plot (Sugihara, 1994).

We examined the reliability of using prediction-decay and di�erent plots to detect chaos in the LPA model
and the Ricker model. For each model, we generated time series data using initial conditions and parameters
for which we knew the system would be in a chaotic or non-chaotic regime. Then, we conducted the S-Map.
For the prediction-decay plots, we varied values ofTp to be from 1 to 10 and chose values of 0:5; 1; 2:5; 5 for
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� . For the di�erence plots, we �xed Tp = 1 and varied values of � from 0 to 5. We subsequently compared
the results from our plots to those of Sugihara's.

3.3 Uncertainty Quanti�cation: Chaos vs. Noise

To disentangle uncertainty arising from chaotic dynamics versus stochastic noise, we built anensemble-based
decomposition frameworkgrounded in local forecasting.

3.3.1 Modeling the Prediction Problem

Consider a biological system wherex true
t indicates the state of the system at time t. Every time step the

system updates in the following way:
x true

t +1 = F (x true
t ) + � t +1 ;

where F is the deterministic update process and� t � N (0; � 2
� ) represents process noise. In practice we only

observe:
xobs

t = x true
t + � t

� t ; � t +1 � N (0; � 2
� ) introducing measurement noise. We approximate F with a learned S-Map surrogate

function f using time delay embedding, yielding a forecast:

x̂ t +1 = f (xobs
t ):

Forecast error then includes contributions from:

ˆ chaos (due to sensitivity to x t ),

ˆ intrinsic noise � t ,

ˆ measurment noise � t ,

ˆ and model bias� t = F (x t ) � f (x t ).

3.3.2 Ensemble Forecasting Approach

To quantify chaos-driven divergence, we simulate anensemble:

x ( j )
t = xobs

t + � ( j ) ; � ( j ) � N (0; � 2
� );

and evolve each member using the surrogate:

x̂ ( j )
t +1 = f (x ( j )

t ):

From the forecast ensemblef x̂ ( j )
t +1 g, we de�ne the total error variance:

� 2
total = E

� �
xobs

t +1 � x̂ ( j )
t +1

� 2
�

:

The total forecast error can be decomposed as:

� 2
total = � 2

chaos + � 2
noise + � 2

� + � 2

ˆ � 2
chaos : variance from initial-condition sensitivity (chaotic divergence),

ˆ � 2
noise = � 2

� : irreducible noise,

ˆ � 2
� : measurement noise,

ˆ � = F (x t ) � f (x t ): surrogate model bias.
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Assuming bias is negligible, we estimate the noise variance as:

� 2
noise (t) � � 2

total (t) � � 2
chaos(t) � � 2

� :

This decomposition allows us toquantify the proportion of uncertainty that is structurally predictable (chaos)
versus truly random (noise)

4 Results

Ecological forecasting initially motivated our research, and we demonstrate our quanti�cation framework
within an ecological context. Before applying our framework to �eld data (where the proportion of noise
and chaos in the system are unknown), we �rst examined simulated data from the logistic equation and
the LPA model; here, we test the Lyapunov exponent's sensitivity to noise. We also tested the validity of
prediction-decay and di�erence plots as alternatives to using the Lyapunov exponent.

Moving on to �eld data, we show the results of our quanti�cation framework to interpret the reliability of
the LE. We �rst examined time series data from Tribolium spp. beetle populations. Then we analyzed lynx,
diatom, plaice, and salmon populations, with the data taken from the GPDD database. For each data set,
we evaluated the variance with our uncertainty quanti�cation framework, plotted the time series, and then
reconstructed the state space with time-delay embedding to calculate the LE.

4.1 Lyapunov Exponent Variance Noise Plots

Here, we explore the reliability of the Lyapunov exponent as we add increasing levels of noise to simulated
model data. Our �rst example is the logistic model, shown in Figure 1 for a chaotic regime, a non-chaotic
regime, and a �xed point.

(a) Chaotic Regime (b) Non-Chaotic Regime (c) Fixed Point

Figure 1: LE variance noise plots for the Logistic model in di�erent regimes.

Figure 1a starts with a positive LE that increases as more noise is added, indicating that noise does not
degrade the reliability of the LE for this chaotic system. In Figure 1b, the LE starts negative but increases
to become positive. This suggests that a non-chaotic system can appear chaotic with enough noise, as the
dynamics become too obscure for the LE to decipher. Figure 1c exhibits similar behavior to Figure 1b,
further emphasizing the limitations of the LE in discerning dynamics clouded by noise.

We next present plots of data simulated from the LPA model in the same three regimes. These are shown
in Figure 2.
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(a) Chaotic Regime (b) Non-Chaotic Regime (c) Fixed Point

Figure 2: LE noise variance plots for the LPA model in di�erent regimes.

Figure 2a shows how the LE initially makes a correct identi�cation of chaos, but the noise levels eventually
cause the LE to classify the system as non-chaotic. This demonstrates that the LE is unreliable in classifying
both chaotic and non-chaotic systems when the noise levels are su�ciently high. Similar to the logistic model
in the non-chaotic regime, Figure 2b shows that the LE incorrectly identi�es chaos after a certain threshold
of noise. In Figure 2c, the LE starts negative and increases, but reaches a negative asymptote. We are
not sure why the LE correctly identi�es non-chaotic dynamics for the LPA at a �xed point, but not for the
logistic in the same regime; this last example strengthens our claim that the LE loses value as a tool for
chaos detection when enough noise is present in the system.

4.2 Prediction-Decay and Di�erence Plots

4.2.1 Prediction-Decay Plots

To test the validity of Sugihara's methods for detecting chaos (which act as an alternative to using the LE),
we examined log prediction-decay plots graphed for both the LPA model and the Ricker model in a chaotic
regime.

When graphing a prediction-decay plot for a system exhibiting chaotic dynamics, we would expect to see the
correlation coe�cient � decrease exponentially withTp. On the log prediction-decay plot, we would expect
to see a straight line with a signi�cantly negative slope (Here, we consider a p-value< 0:05 as indicating a
statistically signi�cant di�erence). For each log prediction-decay plot graphed, we conducted a simple linear
regression on the points in the graph. We determined whether or not the line of best �t had a signi�cantly
negative slope by performing a t-test on the slope coe�cient (with the null hypothesis being that the true
slope coe�cient was zero).

Firstly, we display the results for the LPA model:
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(a) � = 0 :5 (b) � = 1

(c) � = 2 :5 (d) � = 5

Figure 3: Semi-log prediction-decay plots for the LPA model in a chaotic regime.

As demonstrated in Figure 3, all of the slope coe�cients for the best-�t lines plotted in the log prediction-
decay plots were insigni�cant. Therefore, we can conclude that the correlation coe�cient does not seem to
be decaying exponentially in all four situations. This directly contradicts Sugihara's claims about prediction-
decay plots graphed for systems demonstrating chaotic dynamics.

Secondly, we analyze our results for the Ricker model in a chaotic regime:
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(a) � = 0 :5 (b) � = 1

(c) � = 2 :5 (d) � = 5

Figure 4: Semi-log prediction-decay plots for the Ricker model in a chaotic regime.

In Figure 4a and Figure 4b, we observe that the slope coe�cients of the lines of best �t are insigni�cant.
Hence, for these two particular situations (when a� value of 0:5 or 1 is chosen during the conducting of
the S-Map), the correlation coe�cient does not appear to be decaying exponentially with increasingTp.
These cases serve as counterexamples to Sugihara's claims regarding prediction-decay plots for systems with
a chaotic attractor.

In Figure 4c and Figure 4d, the slope coe�cients of the lines of best �t are signi�cantly negative. However,
upon closer examination, the slopes of the lines of best �t have very small values (� 0:00718 in Figure 4c
and � 0:0105 in Figure 4d). Although it is possible that for � values of 2:5 and 5 the correlation coe�cient is
decaying exponentially, it is di�cult for us to conclude this with certainty because our method is qualitative.
This signi�es a limitation in using prediction-decay plots|classifying exponential decay can be a subjective
process.

4.2.2 Di�erence Plots

To further inspect Sugihara's methods, we graphed di�erence plots for the LPA model in both a non-chaotic
and a chaotic regime. For each case, we plotted di�erence curves for four separate situations: (1) When the
system was purely deterministic and contained no noise, (2) when noise was added to the system and drawn
from a normal distribution of mean 0 and standard deviation 10, (3) when noise was added and drawn from
a normal distribution of mean 0 and standard deviation 25, and (4) when noise was added and drawn from
a normal distribution of mean 0 and standard deviation 50.
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(a) Non-Chaotic Regime (b) Chaotic Regime

We analyze these two graphs based o� of two assertions Sugihara made regarding di�erence plots for systems
with a chaotic attractor: (1) Visually, as � increases in the plot,� should increase as well, and (2) the value
of � when a nonlinear forecasting model is used should be signi�cantly di�erent from the value of� when
a linear forecasting model is used Sugihara (1994). We evaluate this second claim by comparing� at � = 0
and at � = 5. When � = 0, the forecasting model we obtain is linear. When� = 5, the forecasting model we
obtain is nonlinear.

In Figure 5b, when there is no noise or low levels of noise in the system (indicated by the black, blue, and
red curves), the assertions described above do appear to be true for the LPA model in a chaotic regime. For
all three of these curves, visually, as� increases,� clearly increases as well. Additionally, for all three curves,
the value of � at � = 0 is signi�cantly di�erent from the value at � = 5 (p-value is less than 0:001, less than
0:001, and equal to 0:00231 for the black, blue, and red curves respectively).

However, when the highest level of noise is added to the system (indicated by the green curve), the assertions
no longer seem true. Qualitatively, the green curve is 
atter than the other curves in the same di�erence
plot and more similar to the curves in Figure 5a, the di�erence plot for the LPA model in a non-chaotic
regime. Moreover, on the green curve, the value of� at � = 0 is not signi�cantly di�erent from the value of
� at � = 5 (p-value is 0:0691).

Therefore, for the situation indicated by the green curve, we do not observe the trends seen by Sugihara for a
system in a chaotic regime. This suggests that Sugihara's method of reading di�erence plots for the detection
of chaos may potentially be misleading, especially when a system contains high levels of noise.

4.3 Uncertainty Quanti�cation: Applications to Real Ecological Data

In this section, we apply our quanti�cation framework to real data, comparing its analysis to the computed
LE value.

4.3.1 LPA Data Analysis

We �rst explore data from experimental populations of Tribolium castaneum and T. confusum (Park, 1948;
Brozak et al., 2014). Their experiments involved exposing some groups of beetles to a variety of treatments,
such as parasites, while using the \sterile" beetles as the control. We chose to examine only the sterile
confusum and castaneumbeetles, as that data is free from experimental interference. The sterileTribolium
castaneumplots are shown below:
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